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ABSTRACT
Adsorption processes play a fundamental role in molecular transport through nanofluidic systems, but their signatures in measured signals are
often hard to distinguish from other processes, such as diffusion. In this paper, we derive an expression for the power spectral density (PSD)
of particle number fluctuations in a channel, accounting for diffusion and adsorption/desorption to a wall. Our model, validated by Brownian
dynamics simulations, is set in a minimal but adaptable geometry, allowing us to eliminate the effects of specific geometries. We identify
distinct signatures in the PSD as a function of frequency f , including a 1/ f3/2 scaling related to diffusive entrance/exit effects and a 1/ f2 scaling
associated with adsorption. These scalings appear in key predicted quantities—the total number of particles in the channel and the number of
adsorbed or unadsorbed particles—and can dominate or combine in non-trivial ways depending on parameter values. Notably, when there
is a separation of timescales between diffusion inside the channel and adsorption/desorption times, the PSD can exhibit two distinct corners
with well-separated slopes in some of the predicted quantities. We provide a strategy to identify adsorption and diffusion mechanisms in
the shape of the PSD of experimental systems on the nano- and micro-scale, such as ion channels, nanopores, and electrochemical sensors,
potentially offering insights into noisy experimental data.

© 2025 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(https://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0288288

I. INTRODUCTION

The diffusive passage of particles in confined geometries is a
key phenomenon in many different systems—see Fig. 1. A classic
example is transport through protein channels, which facilitates the
flow of ions and larger biomolecules across the cell membrane.1–3

Inspired by this, protein channels have been used as a biotechnolog-
ical tool for nanopore-based sequencing devices.4–7 Moreover, both
biological and artificial nanopores have been increasingly devel-
oped for applications ranging from water filtration and blue energy
harvesting8,9 to functionalized single-molecule or single-particle
sensing devices.10–14 A common feature of the measured signals
in these systems is a relatively high level of noise. This arises, in

part, because only small numbers of particles are involved at such
small scales, but it also arises due to the diffusive nature of particle
motion.15,16

In many of the previous cases, attractive interactions, such
as adsorption between the transported particles and the confin-
ing surface itself, play a key role (see red interfaces in Fig. 1). For
example, protein channels make use of specific binding to encode
selectivity,17–19 and in nanopore sensing technologies, adsorption
has been used to prolong the dwell time of species in the channel,
which aids detection.20–25 Adsorption can also transiently mod-
ify redox reactions for electrochemical detection.26 In these cases,
adsorption processes often act as an additional source of exper-
imental noise. Adsorption to the pore walls may cause transient
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FIG. 1. Adsorption and diffusion phenomena in nano- and micro-scale systems. In the schematics, particles (black) diffuse under confinement, with their relevant length
scales highlighted. In these systems, attractive interactions such as adsorption (red) between the particles and the confining walls are also important and add a degree of
complexity.

blockage of a nanopore and, thus, fluctuations in the measured ionic
current.19,27 It may also lead to fluctuations in the channel’s surface
charge and, hence, in its ionic conductivity.28,29

While detrimental from a sensing perspective, attempts have
been made to use the link between characteristic noise signatures
and molecular processes to reveal physical properties of the under-
lying system. For example, in nanopores, noise signatures could help
identify the number of ionizable sites in a pore30 or the presence of
analyte or cation adsorption to the walls.26,31–33 In nanoscale electro-
chemical devices, similar techniques have determined how reversible
analyte adsorption to electrodes affects current noise.34,35

A methodology for understanding noisy signals common to
many experimental systems is to investigate the power spectral
density (PSD) of the measured signal. These investigations have
revealed 1/ fα scalings, where α ≃ 0.5–2 and f is the frequency, in
biological and synthetic nanopores36–43 and electrochemical sens-
ing systems.34,35 Many theoretical approaches have revealed similar
scaling laws, allowing us, in principle, to connect theories and
experiments.33,35,44–49 Direct comparison is, however, limited to sim-
ple and specific cases. For instance, real experimental systems often
exhibit heterogeneous transport properties at the single particle
level,50 blurring the PSD signals. Often, several noisy processes oper-
ate simultaneously, and models are used that require several fitting
parameters whose physical interpretation is limited.51 Thus, in many
cases, theoretical approaches are still needed to help make concrete
links between such scaling laws and molecular mechanisms.

In particular, it is difficult to rationalize the coupled effects
of adsorption and diffusive transport. Previous theoretical work
has investigated the effect on the PSD of a single binding site in
a cylindrical channel45 and adsorption to the walls of a pore in
combination with the effect of reservoirs.33,51 In these models, it
can be difficult to distinguish the effects of adsorption from other
model-specific features affecting particle dynamics, especially the
geometry, which introduces several time and length scales.46,51 This
has led some authors to linearly sum PSDs induced by unique dif-
fusion or adsorption to account for experimental data,35 a likely

flawed attempt in systems where the timescales for both phenom-
ena can be similar.31,52 In particular, in experimental data involving
adsorption and diffusion, it is still unclear when adsorption yields
specific signatures in the PSD, as it is sometimes apparently linked
to the emergence of two distinct slopes35,51 and sometimes only
one.29,31

To answer this question, we introduce a simple framework
to explore and separate the effects of diffusion and adsorption on
power spectra. Our model involves non-interacting particles diffus-
ing along a one-dimensional line, with a segment where particles
can adsorb and become immobile—see Fig. 2. Although the model is
only an approximation to real physical systems, its simplicity is use-
ful in two ways. First, it allows us to isolate geometric effects from
those of diffusion and adsorption within the channel, since in 1D
the channel and reservoirs have only two length scales and, there-
fore, only two diffusive timescales. Second, it allows us to derive
exact analytical expressions, validated by simulations, for the auto-
correlation function and PSD of particle number fluctuations for all
particles in the channel, as well as for free (unadsorbed) and bound
(adsorbed) particles (Sec. II). The resulting PSDs are complex com-
binations of the purely diffusive and adsorbing processes, showing
distinct scalings, such as f−3/2 and f−2, which combine non-linearly.
We rationalize the mechanisms behind each of these scaling laws:
diffusive entrance/exit effects and adsorption/desorption phenom-
ena, respectively. Crucially, when there is a significant difference
in timescales between diffusion across the channel and adsorp-
tion/desorption, the PSDs of some—but not all—of the predicted
quantities exhibit two distinct slopes (Sec. III). Finally, we discuss
strategies to solve the inverse problem of determining adsorption
properties from experimental data (Sec. IV).

II. THEORETICAL MODEL
A. Setup to probe the effect of adsorption

We consider a 1D system of non-interacting particles diffus-
ing with diffusion coefficient D along a line P with length L—see
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FIG. 2. A representation of our model system of a channel connected to two reser-
voirs (line P) and adsorption on the channel wall (line Q). The channel has length
L0, while the total length of the system is L. Adsorption and desorption rates are
set by kon and koff, respectively.

Fig. 2. In the center of the line, a region of length L0 represents a
“channel region.” Inside the channel, in addition to diffusing, the
particles can adsorb to a separate line Q with rate kon. On line
Q, the particles cannot diffuse but remain “stuck.” Particles can
unbind from Q to line P with rate koff. Binding and unbinding rates
are independent of the presence of other particles on either line.
In this equilibrium scenario, the ratio of the rates corresponds to
a Boltzmann factor, as kon/koff ≃ e−e0/kBT , where e0 is the effective
adsorption energy and kBT is the unit of energy. When adsorption
is favorable, e0 ≤ 0 and kon ≥ koff. The probability density of being
in position x at time t on line P is given by p(x, t), and on line
Q by q(x, t).

There are other possible approaches to include the effect of
reservoirs in our system; for example, another line where particles
can “hop out” of the system for ∣x∣ > L0/2 (as in Ref. 46). However,
as the impact of the dimensions and geometry of reservoirs has been
studied previously,33,51 we focus on this 1D representation.

In choosing such a general 1D system rather than a specific
geometry, we reduce the number of length scales in the system to
two, L and L0. This reduces the number of corresponding diffusive
timescales in the system to two, the minimum number possible in
a system containing a channel and reservoirs. While more compli-
cated 3D geometries may be more accurate representations of real
systems, the additional length and timescales introduced would add
complexities to the power spectra. Furthermore, even if the sys-
tem is 3D, effective 1D behavior can still occur where particles are
diffusing in a region with one length scale much shorter than the
other(s)—e.g., in nanopores.46 Even with only two length scales,
we can change L and L0 at will to resemble systems where the
adsorption region is large (L ∼ L0, as in electrochemical devices and
assays) or small (L≫ L0, as in many nanopore systems). Finally, our
1D model allows us to solve for the predicted quantities exactly and
gain physical insights.

Our goal is to establish the statistical properties of the num-
ber of particles inside the channel, N(t), and how this number
is split between free (Noff(t)) and adsorbed (Non(t)) particles.
From the fluctuations of these numbers, we will calculate corre-
lation functions and their associated power spectra. Each of these
quantities—freely diffusing particles, adsorbed particles, and their
total—may be of interest in different experimental settings, as dif-
ferent experimental methods may be sensitive to different particle
subsets.

To make progress on analytics, we write the system of equations
obeyed by p(x, t) and q(x, t) as

⎧⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎩

for ∣x∣ ≤ L0/2,
⎧⎪⎪
⎨
⎪⎪⎩

∂tp = −konp + koffq +D∂xxp,

∂tq = +konp − koffq,

for ∣x∣ > L0/2, ∂tp = D∂xxp.

(1)

The boundary conditions are (i) continuity in p at the edges of the
channel, i.e., at x = ±L0/2, and (ii) no flux into the walls at the edges
of the domain, i.e., ∂xp = 0 at x = ±L/2. Note that the relevant con-
tinuous variable at the edges of the channel is p, rather than p + q,
because there is no mechanism that allows particles to go directly
from the reservoirs to being adsorbed inside the channel in one
infinitesimal time step.

To quantify statistical properties, we need to establish the prob-
abilities of transitioning from one state to another. For this reason,
we start by considering a situation where a particle is initially
located in the channel. It can begin either adsorbed, on line Q, or
unadsorbed, on line P. Noting that the partition function of the sys-
tem is Z = L + L0(kon/koff), we can calculate the initial probability
densities,

p0 = p(∣x∣ ≤ L0/2, t = 0) =
1
Z

,

q0 = q(∣x∣ ≤ L0/2, t = 0) =
kon/koff

Z

(2)

for these two cases, and p(∣x∣ ≥ L0/2, t = 0) = 0.
The system of equations in Eq. (1) can now be solved, working

in Laplace space; full details of the calculation are in Appendix A.
From this solution, we obtain expressions for p̂(x, s) and q̂(x, s), the
Laplace transforms of variables p(x, t) and q(x, t), as

p̂ = ACem1x
+ BCe−m1x

+
koff(p0 + q0) + sp0

s(s + koff + kon)
(3)

and

q̂ =
kon

s + koff
(ACem1x

+ BCe−m1x
) +

kon(p0 + q0) + sq0

s(s + koff + kon)
, (4)

where s is the Laplace frequency, m0(s) =
√

s/D and m1(s)
=
√

s(s + koff + kon)/D(s + koff), and AC = BC is a constant deter-
mined from the boundary conditions. Note that the expression for
p̂ is only true inside the channel, where ∣x∣ ≤ L0/2.

In Sec. II B, we use these results to evaluate the total number
fluctuations in the channel and their correlation function. Follow-
ing this, in Sec. II C, we determine the power spectral density of the
fluctuations.

B. Number fluctuations in the channel
In this section, we calculate the fluctuating number of par-

ticles in the channel, N(t), and then evaluate the corresponding
correlation function. The same method can be used to calculate the
correlation functions for the number of adsorbed particles, Non(t),
and the number of unadsorbed particles, Noff(t); details are in
Appendix B.

We express the correlation function as

CN(t) = ⟨N(t)N(0)⟩ = NψC→C(t), (5)

where ψC→C(t) represents the probability that a particle starting in
the channel is still in the channel at time t, and N is the total number
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of particles in the system. Note that the correct prefactor is indeed
N , the total number of particles in the system rather than the mean
number in the channel. Formally, this originates from the fact that
we are doing a canonical ensemble average here. Physically, any par-
ticle in the system has a probability to be in the channel at time t = 0,
and so we need to find the correlation function most generally for
all of them—and since particles are non-interacting, we can simply
multiply the probability by the total number of particles inside the
system.

Since we took initial conditions such that all particles started in
the channel, we find ψC→C(t) simply by integrating the probability
densities p(x, t) and q(x, t) over the channel length,

ψC→C(t) = ∫
L0/2

−L0/2
(p(x, t) + q(x, t))dx. (6)

We take the time derivative to obtain an expression for the
correlation function as

∂tCN(t) = N∫
L0/2

−L0/2
(∂tp(x, t) + ∂tq(x, t))dx

= 2N∫
L0/2

0
D∂xxp(x, t)dx

= 2N D[∂xp(x, t)]L0/2
0 (7)

and taking the Laplace transform, we arrive at

ĈN(s) = 2N
m1

m2
0

AC(eL0m1/2 − e−L0m1/2). (8)

C. Spectral density
The power spectrum SN( f) of number fluctuations at a given

frequency f is an important tool in analyzing their behavior at
different timescales and is commonly used to characterize noisy
experimental data in nanofluidic systems. It can be calculated from
the correlation function of the number of particles in the channel
using the Wiener–Khinchin theorem,53

SN( f ) = ∫
∞

−∞

CN(t)e−2πif tdt. (9)

The correlation function for a stationary process such as ours is even
(SN( f ) = 2∫

∞

0 CN(t)e−2πif tdt), so using the Laplace transform

SN( f ) = 4R[ĈN(2iπ f )], (10)

with R[⋅] being the real part of a scalar, and where the additional
factor of 2 comes from the fact that the power spectral density is
calculated for positive frequencies only, S>(ω) = 2S(ω), so that the
total power is conserved.53 Therefore, using the result in Eq. (8)
above, we find for the power spectrum of the number fluctuations
in the channel

SN( f ) = 8R[N
m1

m2
0

AC(eL0m1/2 − e−L0m1/2)]. (11)

Substituting AC and applying the same transformation to obtain the
power spectrum of the number of bound or free particles in the
channel, we obtain

SN( f ) = 8R[
N m1(koff(p0 + q0) + sp0)

sm0(s + koff + kon)

(eLm0 − eL0m0)(1 − eL0m1)

(m0 −m1)(eLm0 − eL0(m0+m1)) + (m0 +m1)(eLm0+L0m1 − eL0m0)
],

Son( f ) = 8R[
N koffq0

s(s + koff + kon)
(−

L0

2
+

m0kon

m1(s + koff)

(eLm0 − eL0m0)(1 − eL0m1)

(m0 −m1)(eLm0 − eL0(m0+m1)) + (m0 +m1)(eLm0+L0m1 − eL0m0)
)],

Soff( f ) = 8R[
N konp0

s(s + koff + kon)
(−

L0

2
+

m0(s + koff)

m1kon

(eLm0 − eL0m0)(1 − eL0m1)

(m0 −m1)(eLm0 − eL0(m0+m1)) + (m0 +m1)(eLm0+L0m1 − eL0m0)
)].

(12)

Note that s = 2iπf in the above expression. Equation (12) is the
main theoretical result of this paper. In its current form, it is
hardly amenable to physical interpretation, however, and our goal in
Sec. III is to uncover limiting regimes and mechanistic behavior
from this expression.

III. RESULTS
Our system is governed by four key timescales:

● Time to diffuse across the system: τsys = L2
/2D.

● Time to diffuse across the channel: τcha = L2
0/2D.

● Adsorption timescale: τads = 1/kon.
● Desorption timescale: τdes = 1/koff.

These timescales can be estimated for many nano-technological
systems, and we report orders of magnitude in Table I. Remark-
ably, there is no standard case, and relative magnitudes can vary
strongly from one system to another. Our goal is not to imi-
tate these systems exactly with our model but rather to illustrate
the diversity of behavior that can be observed in power spectra
with only two physical processes. In Secs. III A and III B start
by investigating limit cases of pure diffusion or only adsorption.
While the scaling laws associated with these processes in isola-
tion are known, the full problem of interest here involves a non-
trivial combination of these two canonical mechanisms. As such,
we provide a detailed explanation of how scalings emerge from
fluctuations associated with these separate phenomena as context
for later results. Scaling laws for adsorption and diffusion are also
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TABLE I. Typical values for the timescales of channel diffusion, adsorption, and desorption in a number of different experi-
mental systems. We do not include τsys here; it is harder to determine in general and in most cases will either be similar to
the channel length (L ∼ L0) or much greater (L≫ L0), in which case the limit of an infinite system is approached.

Example τcha (s) τads (s) τdes (s)

Case 1: τcha ≫ τads ∼ τdes

Molecules reacting in nanofluidic cavities35 100 10–1 10–3

Case 2: τcha ≪ τads ∼ τdes

Sugar transport in transmembrane proteins27,54 10–8 10–2 10–3

Adapter adsorption inside nanopores55 10–5 10–2 10–3

Nano-electrochemical devices34 10–7 10–4 10–5

Case 3: τcha ∼ τads ∼ τdes

PEG adsorption in glass nanopores31 10–4 10–4 10–2

DNA hybridization in microarrays52 103 102 104

Case 4: τads ≫ τcha ∼ τdes

Biomolecule sensing in porous silicon membranes56 100 10–1 106

Gas phase catalysis in zeolites57 10–2 10–2 102

accessible experimentally and provide a useful reference point for
experimentalists.

Related to this, we work in the following reduced units. In all
cases, the characteristic length scale is ℓ0 = L0, and the characteristic
timescale is τ0 = τcha = L2

0/2D, except in the case of pure adsorp-
tion/desorption where D = 0, in which case we use τ0 = 1/ f0, where
f0 = (kon + koff)/2π and represents the corner frequency in the PSD.
We compare the analytical results, derived above, to particle-based
simulations of the system (see Appendix C for details on computa-
tional methods). Again, we generally choose a 1D geometry for our
simulations to provide a robust verification of our analytical results.

A. Pure diffusion
We first verify that our results recover the expected behavior

for the case of pure diffusion of particles in a channel.44,46 This sce-
nario corresponds to setting kon = 0 and q0 = 0. Here, we obtain
Son( f) = 0, Soff( f) = SN( f), and

SN( f ) = 4R[
N p0

m0s
(eLm0 − eL0m0)(e−L0m0 − 1)

(eLm0 − 1)
], (13)

where we recall that in the expression above, s = 2iπf .
The theoretical (line) and simulation (dots) spectra for the

total number of particles are shown in Fig. 3 (purple) and are in
perfect agreement. The spectrum clearly involves multiple regimes;
more specifically, a plateau at low frequencies and then two scaling
regimes with exponents −1/2 and −3/2. The scaling regimes can be
interrogated by considering the limits of Eq. (13).

First, as f → 0, we find

SN( f ) =
N p0(L − L0)

2L2
0

3DL
, (14)

i.e., there is a plateau at low frequencies. At high frequencies as
f →∞, we find instead that the PSD tends to

SN( f ) =
N p0
√

D
(π)3/2

1
f 3/2 (15)

with a scaling as f−3/2. Between these two regimes, the slope of
the PSD appears to vary steadily between the two limits; however,

FIG. 3. Power spectral density of number fluctuations for the purely diffusive case,
with L = 20ℓ0. Dashed lines indicate τsys = L2

/2D and τcha = L2
0/2D. Expected

scalings for high and intermediate frequency regimes of f−3/2 and f−1/2, respec-
tively, are indicated. Data in purple show the spectrum for the total number of
particles from simulations. Data in green show the corresponding spectrum for sim-
ulations in 3D, with the same parameters. The 3D result plateaus for frequencies
smaller than 1/τcha = 2D/L2

0.
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this masks a well-defined underlying scaling. To find this, we take
L→∞ and f → 0,

SN( f ) =
N p0L2

0√
Dπ

1
√

f
, (16)

predicting a scaling as f−1/2. Physically, we can interpret these
different regimes as follows.

1. Plateau is linked to the mean correlation time
For low frequencies, corresponding to timescales longer than

the time for a particle to diffuse across the system τsys, we see
a plateau (white noise). This is due to the finite size of the
system—fluctuations in particle number are eventually uncorrelated
because the particles have had sufficient time to equilibrate outside
of the channel by diffusion. The plateau value of a PSD spectrum
corresponds to a characteristic timescale as SN( f ) = N τcorr, where
τcorr is the mean correlation time of the number fluctuations,

τcorr = ∫

∞

0

CN(t)
N

dt. (17)

Remembering that p0 = 1/L and taking L≫ L0 for simplicity, we
find τcorr = L2

0/3D = 2τcha/3. The plateau amplitude thus depends on
the mean time particles spend inside the channel. It is interesting
that the amplitude does not depend on system size L but actually
probes the channel size L0, and the only dependence of the plateau
on L is the frequency at which it begins.

2. High frequency f −3/2 is linked to diffusive particle
crossings in and out of the channel

At high frequencies, corresponding to timescales shorter than
the time for a particle to diffuse across the channel, τcha, we see a
characteristic f−3/2 scaling.35,45,46,58,59 Its origin is particles crossing
from one region to another (i.e., from channel to reservoir and vice
versa) by diffusion. These events correspond to short time scales and
are essentially independent of the system geometry.

3. Intermediate f −1/2 is linked to re-entrance effects
The intermediate regime between these two timescales—where

we observe a slope in the PSD lower than 3/2 but have not yet
reached a plateau—is a signature of an f−1/2 scaling.46,58,60–63 This
scaling arises from re-entrance effects, i.e., it emerges directly from
the fact that particles in 1D always return to the origin. This inter-
mediate scaling depends on dimensionality. In an n-dimensional
system, the probability of particle returns goes as 1/tn/2, so in 1D
the spectral scaling is f−1/2, in 2D it is ln(1/ f), and in 3D it is 1/ f0,
i.e., a plateau.60,61,63 The crossover from 1D to 3D is the point at
which particles no longer inevitably return to their origin, so the re-
entrance correlations disappear, as shown in Fig. 3 (green dots). In
more realistic designs, and even in 3D systems, there may be effective
1D or 2D scaling behavior if one or more dimensions are small rela-
tive to the others.63 In our 1D model, a plateau below 1/τsys appears
due to finite system size. These timescales may be inaccessible in

experimental systems. Overall, these low frequency scalings are
linked to the reservoir geometry, which is not our focus here.

B. Only adsorption/desorption
The second key source of fluctuations in the full problem is the

adsorption/desorption process itself. To consider characteristics of
this in isolation, i.e., adsorption in a system with no diffusion, we
set D = 0 in the original system of equations, Eq. (1), and solve the
system for p and q. Here, there will naturally be no fluctuations in
the total number of particles in the channel region (SN( f) = 0), but
there are still fluctuations in the number of bound and free parti-
cles. As both quantities are directly related to one another in that
case, their associated spectra are equal, Son( f) = Soff( f). In addi-
tion, we can use p0 and q0 interchangeably, as they are related by
p0kon = q0koff. In this situation, we obtain

Son/off( f ) =
Noffkon

π2
1

f 2
+ f 2

0
, (18)

where Noff = N L0p0 is the mean number of free particles, and we
recall that f0 = (koff + kon)/2π. This is consistent with works that
investigate exclusively adsorption/desorption processes.35,47

Spectra obtained from Eq. (18) and simulations for the pure
adsorption/desorption scenario are compared in Fig. 4. The shape of
the spectrum is a Lorentzian, scaling as 1/ f2 at high frequencies. This
can be intuitively understood as, at very short timescales, the fluctu-
ating signal appears as individual step functions. Transforming into
frequency space, a step function becomes 1/ f , which is then squared
to obtain the PSD and 1/ f2 scaling. At low frequencies, or long
timescales, the fluctuating signal is “smeared out” and resembles

FIG. 4. Power spectral density of number fluctuations with no diffusion and only
adsorption/desorption processes. The spectrum for fluctuations in the number of
unadsorbed particles is shown, which is equivalent to that for adsorbed particles.
Dashed lines indicate τads = 1/kon and τdes = 1/koff. A solid line indicates f0, the
corner frequency, which is the mean of the two rates: f0 = (kon + koff)/2π. There
is a clear 1/ f2 scaling at high frequencies and a plateau below f0. In this case,
L = L0 = ℓ0, kon = 0.027 f0, and koff = 6.3 f0. We use separated adsorption and
desorption rates to demonstrate the dependence of the corner primarily on the
faster rate (here, koff).
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white noise, or a plateau in the PSD. The binding/unbinding process
corresponds to a single shot noise process, which again intuitively
makes sense because binding and unbinding events are uncorrelated
and, thus, follow a Poisson distribution.

The crossover frequency between the two regimes is
f0 = (kon + koff)/2π, i.e., the mean of the adsorption and des-
orption rates. This can be understood by considering the situation
where one of the two processes becomes very fast. For e.g., fast
desorption koff ≫ kon, the probability of an adsorption event being
followed later in time by another adsorption event is independent
of the lifetime of the adsorbed state, becoming a pure shot noise
process in the limit of zero adsorption time. As such, correlations in
the noise only persist for frequencies larger than the faster rate. In
contrast, as lifetimes on and off the surface become comparable, the
probability of adsorption will be influenced by previous adsorption
events, resulting in a corner frequency that is the average of the two
rates. The plateau value again corresponds to a mean correlation
time, as Son/off( f → 0) = Noffq0τ0, where the relevant correlation
time is τ0 = 1/(2πf0) = 1/(kon + koff), the mixture between the two
timescales.

Similar noise processes and, therefore, spectral signatures are
observed in various other physical systems. For example, this noise
is similar to random telegraph or “popcorn” noise—noise observed
in semiconductors where there are sudden transitions between two
(or sometimes more) current levels.64 Analogously, here, this noise is
due to particles having only two states, “on” or adsorbed, and “off” or
unadsorbed. Equally, the process can be mapped to scenarios where
noise arises from signals involving “free particle pulses.” Here, the
“pulse” is the mean number of free particles Noff and occurs with
mean frequency kon, which corresponds to the mean time particles
stay free. Considering that Noffkon = Nonkoff, the process can also be
interpreted as “bound particle pulses.” The subtlety is that the ampli-
tude of each of these pulses decays exponentially with a timescale
that is the mixture of the two timescales at play, τ0. The exponen-
tial distribution of the pulses is a specificity of this system, and thus,
compared to other processes whose length in time is constant, as
in Ref. 50, the shape of the PSD has no oscillations and is a true
Lorentzian.16

C. Full case
We now consider the full problem where both diffusion and

adsorption processes lead to fluctuations. Notably, in this case, the
results from Secs. III A and III B do not add linearly, i.e., we have
SN( f) ≠ Son( f) + Soff( f). In practice, this is due to the presence of
cross-correlations in the fluctuations, and the spectrum of the total
number of particles in the channel is the sum of 4 terms,

SN( f ) = Son( f ) + Soff( f ) + Son→off( f ) + Soff→on( f ). (19)

The cross-correlation terms are, in general, non-trivial (see
Appendix B). Although we now observe a much more complicated
picture, both in the analytical expressions in Eq. (12) and in the
shapes and behavior of the PSDs, some distinguishable “common”
scaling regimes are reached, which we discuss below. To build
intuition, it is useful to consider the following limiting cases:

1. Slow diffusion, fast adsorption/desorption: τsys ∼ τcha
≫ τads ∼ τdes.

2. Fast diffusion, slow adsorption/desorption: τsys ∼ τcha
≪ τads ∼ τdes.

3. All processes have comparable timescales: τsys ∼ τcha ∼ τads
∼ τdes.

4. Fast adsorption compared to desorption: τdes ≫ τsys ∼ τcha
≫ τads.

We refer to the power spectra of the total particles in the channel,
the adsorbed particles, and the free particles in the channel as the
“total PSD,” “bound PSD,” and “free PSD,” respectively. The first
two cases we consider in detail in the main text, and the second
two in Appendix D. Note that in the following, the dimensionless
timescale τ0 = L2

0/2D refers to the time to diffuse across the channel.

1. Diffusion slower than adsorption/desorption
We first explore the case where diffusion is slower than both

adsorption and desorption processes. Physically, this could manifest
as the adsorption/desorption of redox-active species in nanoflu-
idic electronic devices, which can be fast with respect to their
diffusion.35

Results (both theory and simulations) are shown in Fig. 5,
where the corresponding curves for a pure diffusion (dotted black
line) or adsorption (dashed-dotted black line) process are shown for
comparison. The total PSD is close to the purely diffusive case, with
a corner frequency around the diffusion timescale and a high fre-
quency scaling of f−3/2. It is perhaps counterintuitive that the total
PSD, SN , does not show the corner frequency linked to adsorption,
given that the pure adsorption curve has a higher magnitude than the
diffusion curve at high frequencies. Mathematically, this is a result of
cross-correlations, which may be negative, i.e., the power spectra are
not additive, SN ≠ Son + Soff (see Appendix B). Physically, the reason
for this is that adsorption and desorption processes are so fast that
they mostly affect the relative distribution of bound or free parti-
cles, but these processes have “averaged” out before a particle may
escape the channel by diffusion and contribute fluctuations to the
total PSD.

Bound and free PSDs are similar to each other, and both dis-
play two corner frequencies, one around the diffusive timescales
and one at the binding timescales. At low frequencies, both PSDs
plateau at values that sum to less than that of the purely diffusive
case, again highlighting non-additivity. In the intermediate regime
between the two corners, there is a transient scaling regime; this
appears as f−3/2 due to diffusion for the free PSD, but it is sufficiently
short that this may not always be obvious in experimental systems.
At high frequencies, the bound PSD is dominated by an f−2 scaling,
which intuitively makes sense as the faster processes of adsorption
and desorption dominate on short timescales.

There is an important distinction between the bound and free
PSDs; at high frequencies, although the free PSD follows an f−2 scal-
ing just above the adsorption/desorption rates, it eventually returns
to an f−3/2 scaling. This is not obvious over a short range of frequen-
cies, as the deflection is very slow and occurs above f ∼ L2

0k2
on/Dπ

∼ τcha/τ2
ads. In all cases, in fact, the free PSD returns to an f−3/2 scal-

ing at high frequencies as a limiting case. This is due to the fact that
if particles are “close” enough to the channel boundary, they will
diffusively enter/exit the channel at infinitely fast timescales, and
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FIG. 5. Slow diffusion, fast adsorption/desorption: Case 1—τcha ≫ τads ∼ τdes. Left: total PSD. Middle: bound PSD. Right: free PSD. We use L = 2ℓ0, kon = 125/τ0, and
koff = 375/τ0. Note here that kon ≤ koff. The dotted curve indicates the pure diffusive case with the same parameters (but kon = 0). Similarly, the dashed-dotted curve
indicates the pure adsorption/desorption case with the same parameters (but D = 0). Relevant timescales are labeled and marked with dashed vertical lines.

hence a diffusive f−3/2 scaling has to be recovered at high enough
frequencies. Crucially, the slow transition between these scaling
regimes would not be clear in an experiment that can only probe
a few decades of frequency space, so it is possible that the f−3/2 scal-
ing is missed entirely or mistaken for having an exponent between
−1.5 and −2.0. The absence of a sharp corner also masks this
underlying shift in scaling.

The bound PSD is very similar to the spectrum of fluctuations
in the current measured in Ref. 35. In that nanofluidic system, it
is likely that the relevant quantity being probed by the current is
the number of species adsorbed onto the electrodes, which means
our results for the bound PSD are in good agreement. Our model
rationalizes these results in the context of other fluctuating quanti-
ties in the system. Finally, we note that the ordering of adsorption
and desorption timescales does not significantly affect the shape
of the power spectra; the complementary case where adsorption is

faster than desorption (kon ≫ koff) is discussed in Appendix D, in
particular in Fig. 9.

2. Diffusion faster than adsorption/desorption
We now turn to the situation where diffusion is faster than

adsorption/desorption. This case is the one considered in Ref. 45.
Physically, this ordering of timescales is common in nanopores,
both biological and engineered. For example, it occurs naturally in
the transport of sugars through maltoporins (LamB transmembrane
proteins)27,54 and also in the use of adapters, such as beta cyclodex-
trin, in nanopore sensors for the detection of organic molecules.55

Nanoscale electrical devices where analytes reversibly bind to the
electrodes may also involve fast diffusion relative to the adsorption
timescales.34

FIG. 6. Fast diffusion, slow adsorption/desorption: Case 2—τcha ≪ τads ∼ τdes Left: total PSD. Middle: bound PSD. Right: free PSD. We use L = 2ℓ0, kon = koff = 0.05/τ0.
The color/line code is the same as that of Fig. 5.
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Representative spectra are shown in Fig. 6. Here, we only con-
sider the case where kon = koff, because varying kon and koff does not
significantly affect the shape or behavior of the PSDs.

We observe that the total PSD is more sensitive to the adsorp-
tion/desorption process compared to case 1, where diffusion was
slower than adsorption/desorption. In particular, it now shows two
corners and two slopes, with the low-frequency corner determined
by the adsorption/desorption timescale and the high frequency
corner by the diffusive timescale(s). Again, there is a transient
intermediate scaling regime between the two corners.

In this case, the total and free PSDs have similar shapes, whereas
previously the free and bound PSDs were similar. Here, with fast
diffusion, the number of bound particles is less dependent on the
diffusive timescale as a rate-limiting step, and hence the bound PSD
only exhibits a single slope that is similar to the purely adsorb-
ing case. At high frequencies and short timescales, the number of
bound particles remains roughly constant, but the total number of
particles and the number of free particles change due to diffusive
entrance/exit effects. This results in an f−3/2 scaling for both the free
and total PSDs at high frequencies; the situation is similar to the
purely diffusive case but with fewer diffusing particles, since some
are bound. At low frequencies, the free and total PSDs show corners
at the adsorption/desorption timescale, since at longer times, par-
ticles can equilibrate across the whole system, diffusing, adsorbing,
and desorbing.

In the context of Ref. 35, their observation of f−3/2 scaling
at intermediate frequencies and f−2 at high frequencies does not
appear in this case in any of the measured fluctuating quantities. As
such, we can conclude that the diffusive timescales must be slower
than the adsorption/desorption timescales for their system. This
highlights that the ordering of slopes in the PSD can be indicative
of the relative timescales in the system, a relatively simple criterion
to observe.

3. Further cases
As highlighted in Table I, other experimental systems may

exhibit further different timescale separations, where all timescales
are comparable (case 3) or where adsorption is much faster than
all other processes (case 4). In these scenarios, the spectra obtained
are again non-linear combinations of the pure diffusion and pure
adsorption cases and can either be quite similar to either of the two
pure cases (case 3) or exhibit entirely peculiar shapes (case 4). More
detailed investigations are reported in Appendix D. Overall, the two
corners are not observed in these further cases.

D. Key takeaways
To summarize the different possibilities for the PSD shapes

and scalings, we build a phase diagram—see Fig. 7—comparing the
diffusive and adsorption/desorption timescales.

The first key takeaway concerns PSD shapes. In most cases, the
PSD appears to have an approximately Lorentzian, smooth shape
with a single well-defined or somewhat smeared out scaling regime
that is more difficult to interpret. Yet, there exist a few special cases
in which the PSDs can exhibit two corners, related to two dis-
tinct slopes. These special “two corner” cases are only observed in
some but not all of the spectra in the cases where there is a clear
separation of timescales between the diffusive processes and adsorp-
tion/desorption processes (cases 1 and 2). The PSD of free particles
always exhibits the two corners in these cases, which makes sense
since it is the only quantity for which both adsorption and diffu-
sion affect number fluctuations directly. In contrast, the PSD of the
total number of particles only exhibits two corners when diffusion is
fast compared to binding, a condition by which it is indirectly able
to sense the binding process. Reciprocally, the PSD of the number
of bound particles only exhibits two corners when diffusion is slow

FIG. 7. (Top) Characteristic shapes and scalings of the PSDs identified in this work. (Bottom) Corresponding physical systems in different diffusion/adsorption regimes.
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compared to binding, a condition by which it is indirectly able to
sense diffusion.

The second key takeaway concerns the characteristic scalings
that one can observe in the PSDs. The total and free PSDs always
tend to an f−3/2 scaling at high frequencies because they sense in
particular particles that are diffusing and, hence, diffusive bound-
ary crossings at short timescales. In contrast, the bound PSD always
tends to an f−2 scaling at high frequencies because it only senses
adsorption and desorption processes to first order. In the cases (1
and 2) where there is a clear separation of timescales between dif-
fusive and adsorption/desorption processes, two distinct scalings
emerge (on the relevant curves) separated by a corner. These scal-
ings appear necessarily in the order corresponding to the timescale
separation: e.g., if diffusion is the slower process, the f−3/2 scaling
will appear at intermediate frequencies and f−2 at high frequencies,
and reciprocally if diffusion is the faster process. Naturally, because
the free PSD has to decay to f−3/2 at the highest frequencies but
can exhibit an f−2 scaling at high frequencies in the case of slow
diffusion, the free PSD may exhibit two slopes at high frequencies
separated by a slow transition, not a corner, which could mask the
true scalings experimentally and result in effective fits of the slope
between −1.5 and −2.0.

Finally, it is clear that there is significant non-additivity in these
spectra and that, in general, there is not a straightforward route to
construct the total PSD from the underlying spectra linked to pure
diffusion and pure adsorption processes or from the bound and free
PSDs. The physical reason for this is that processes are immediately
coupled—as soon as a particle desorbs, it can diffuse—and thus noise
properties are convoluted.

More generally, we expect the phenomenology uncovered, in
particular the presence of two corners or not according to the rela-
tive separation of timescales, should still hold in 3D or more complex
geometries. To support this claim, we extend our simulations to a
simple 3D system. As in Sec. III A, we run Brownian dynamics sim-
ulations in a 3D cube with an adsorbing region at the center. Results
are shown in Fig. 8. In this example, we choose the parameters to

FIG. 8. Simulated power spectral density of number fluctuations in the channel for
a 3D system, for fluctuations in the total number (purple), the bound number (red),
and the freely diffusing number (blue). We use L = 20ℓ0 and kon = koff = 375/τ0.

align with case 1 of slow diffusion and fast adsorption/desorption. As
in the 1D system, two slopes and two corner frequencies are observ-
able in the bound and free PSDs due to the separation of timescales.
Moreover, the slope below the corner corresponding to the adsorp-
tion/desorption timescales scales as f−2, while at low frequencies
below the diffusive timescales it is closer to f−3/2. At high frequen-
cies, the free PSD can be seen to tend to an f−3/2 scaling. This is
in agreement with our takeaways from the theoretical 1D case and
demonstrates the robustness of our results to changes in geometry
and dimension.

IV. DISCUSSION AND CONCLUSIONS
In this paper, we have derived expressions for the power spec-

trum of particle number fluctuations in a minimal confined system
with adsorption and diffusion. By comparing our analytical results
to simulated data, we have demonstrated that our expressions are
valid over a wide range of parameters. We have investigated fluctu-
ations in the total number of particles and in the number of bound
and free particles, finding remarkably different behavior across these
quantities for a given parameter set. This highlights one of the main
results of our investigation, namely, that the pure diffusion and pure
adsorption components do not add up linearly in the PSD.

Spectra show a number of characteristic scalings that reflect key
physical mechanisms and properties of the system, as outlined in
Table II. By considering the 1D case, we have also eliminated the
effect of geometry on scaling33,51 and significantly simplified inter-
pretation of the results. Interestingly, our analytic results indicate
that there are only a small number of robust scalings that emerge
directly from diffusive and adsorption mechanisms, with slopes of
f−3/2 and f−2, respectively. Observations of other scalings are the
result of intermediate transitions between regimes. The scaling of
the power spectra thus also provides valuable insight into the dom-
inant mechanism generating number fluctuations across different
frequency ranges.

While our model is clearly simplistic, the diversity of results
highlights how subtle and convoluted a PSD signal can be and justi-
fies the use of basic theoretical models to de-convolve PSD traces.
Having at hand knowledge of when two corners and two slopes
may be present, we can move on to investigate more complex sys-
tems. Such extensions could include more advanced geometries,
which could be investigated, for instance, by adding another 1D
line corresponding to the reservoirs.46 Separately, we can carry out
a similar characterization of the 1D system after the incorporation

TABLE II. Key scalings in the system with their corresponding timescales or range of
frequencies and physical mechanisms.

Scaling Range Mechanism

Plateau Low f Finite system size
1/ f1/2 Intermediate f 1D re-entrance effects
1/ f3/2 High f Diffusive crossings between regions
1/ f2 High f Independent events such

as adsorption and desorption
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of other physical processes: for example, particle–particle interac-
tions or a driving force in the channel. This would more accurately
represent particles flowing through the channel under an applied
electric field or pressure gradient, as is often the case in nanoporous
or microfluidic experiments, and would open the door to probing
non-equilibrium systems.

Real systems are clearly more complex than the situation con-
sidered here, but we can find scenarios in experiments that corre-
spond to the different separations of timescales between diffusion
and adsorption that we have studied. These are summarized in Fig. 7,
left-hand side, and clearly span the entire phase diagram, indicating
that there is no general shape to be expected from a PSD even with
such simple ingredients. The ordering of slopes can also be used in
the first instance to determine relative timescales of diffusion and
adsorption: a fairly simple criterion to check. An interesting ques-
tion for all of these cases is which of our modeled PSDs—total, free,
or bound—best reflects the physical quantity measured experimen-
tally. For example, nanopore systems are often investigated via ionic
current fluctuations. Here, the current is a measure of the ions in
solution traveling through the pore; therefore, it could be reason-
able to use the total PSD as an analog for fluctuations in the current,
assuming a degree of correlation between the pore conductance and
total particles blocking the channel (adapter, sugar, etc.).29 In nano-
electrical devices, by design, the adsorbed particles may have the
most significant effect on a macroscopic fluctuating signal, in which
case the bound PSD is most relevant.

Our modeling does suggest a degree of caution in interpret-
ing fluctuating behavior through only the knowledge of the PSD in
experiments. In some cases, the difference between spectra is very
small, e.g., between a pure diffusion spectrum and the total or free
PSDs when all timescales are comparable, or between a pure adsorp-
tion spectrum and the free PSD when adsorption is much faster than
desorption. Differences between separate scenarios are clear when
we know the correct parameters of the system to fit and compare
to the theoretical results. In real experimental data, this is likely
to be much harder to do, especially when two or more timescales
are comparable, and the situation may become an inverse prob-
lem where several parameter combinations produce similar power
spectra. Nonetheless, we have identified that the two corners can
only appear under a specific separation of timescales, suggesting that
when the two corners are seen, this means that one can, in principle,
identify which regime of parameter space one is most likely in. This
also suggests possible—although likely non-trivial—experimental
designs where, e.g., tuning the diffusive timescale may bring the
system into one or another regime.

While our focus has predominantly been on investigating the
PSD, it is clear that it is not the only way, and sometimes not
even the relevant way, to investigate a fluctuating signal. In par-
ticular, because the PSD is generally obtained by averaging the
signal over rolling time windows, it “erases” any memory effects
in the signal. Other calculations on the fluctuating signal have
revealed the non-Markovian nature of processes39 but are only
rarely used. Given the current enthusiasm for memristive nanoflu-
idic devices, which are based on long-time memory effects,65–67 it is
likely that more diverse investigations of noise signals will soon be
necessary.
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within the article. To make the results in Eq. (12) more acces-
sible, we have developed a sandbox where users can input their
system parameters of choice and solve to find the resulting power
spectra. The sandbox is in Google Colab and available on GitHub:
https://github.com/ady-100/Noise-in-Nanofluidics.

APPENDIX A: SOLVING THE RATES PROBLEM

We designate pC, pL, and pR as representing variable p in the
channel (C) and left (L) and right (R) reservoirs, respectively. We
define the Laplace transform f̂ (x, s) of a function f(x, t) as

L { f }(s) = f̂ (x, s) = ∫
∞

0
e−st f (x, t)dt. (A1)

In Laplace space, a time derivative is equivalent to multiplication
by s, such that L {∂tp}(s) = sp̂(s) − p(x, 0). This notably leads to
the incorporation of the initial conditions (p(x, 0) and q(x, 0)) via
the time derivative. Accordingly, we transform Eq. (1) into Laplace
space, splitting p up into pC, pL, and pR and using the initial
conditions in Eq. (2),
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⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

p̂C = −
kon

s
p̂C +

koff

s
q̂ +

D
s
∂xxp̂C +

p0

s
,

q̂ =
kon

s
p̂C −

koff

s
q̂ +

q0

s
,

p̂L =
D
s
∂xxp̂L,

p̂R =
D
s
∂xxp̂R,

(A2)

with boundary and continuity conditions,

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪
⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

at x = −L/2 ∂xp̂L = 0,

at x = −L0/2
⎧⎪⎪
⎨
⎪⎪⎩

p̂L = p̂C,

∂xp̂L = ∂xp̂C,

at x = L0/2
⎧⎪⎪
⎨
⎪⎪⎩

p̂R = p̂C,

∂xp̂R = ∂xp̂C,

at x = L/2 ∂xp̂R = 0.

(A3)

We solve the homogeneous equations for p̂L and p̂R by
introducing the notation

m0(s) =
√

s
D

(A4)

to obtain

p̂L = ALem0x
+ BLe−m0x,

p̂R = Am0x
Re + B−m0x

Re ,
(A5)

where AL/R and BL/R are constants to be determined from the bound-
ary conditions. To solve for p̂C and q̂, we write q̂ in terms of p̂C using
Eq. (A2),

q̂ =
konp̂C + q0

s + koff
, (A6)

which allows us to simplify the equation for p̂C into

∂xxp̂C −
s(s + koff + kon)

D(s + koff)
p̂C = −

(koff(p0 + q0) + sp0)

D(s + koff)
. (A7)

Introducing the notation

m1(s) =

¿
Á
ÁÀ s(s + koff + kon)

D(s + koff)
, (A8)

we find the solution to Eq. (A7),

p̂C = ACem1x
+ BCe−m1x

+
koff(p0 + q0) + sp0

s(s + koff + kon)
, (A9)

where again AC and BC are constants to be determined from the
boundary conditions.

Combining this with Eq. (A6), we find

q̂ =
kon

s + koff
(ACem1x

+ BCe−m1x
) +

kon(p0 + q0) + sq0

s(s + koff + kon)
. (A10)

There is a degree of symmetry between the results and between the
integration constants. Namely, using the boundary conditions in
Eq. (A3), we have

AC = BC = −
m0(koff(p0 + q0) + p0s)

s(s + koff + kon)
× ⋅ ⋅ ⋅

eL0m1/2(eLm0 − eL0m0)

(m0 −m1)(eLm0 − eL0(m0+m1)) + (m0 +m1)(eLm0+L0m1 − eL0m0)
. (A11)

We do not report the expressions of the other integration
constants, since they will not be required in the following steps.

APPENDIX B: FURTHER CORRELATION FUNCTIONS
1. Number of adsorbed particles

Following the same method as Sec. II B, we calculate the
correlation function for the number of bound particles in the
channel

Con(t) = ⟨Non(t)Non(0)⟩ = Nψon→ on(t), (B1)

where ψon→ on(t) represents the probability that a particle starting
adsorbed in the channel is still adsorbed in the channel at time t.
Importantly, this means that the initial conditions in Eq. (2) now
become p0 = 0. We have

ψon→on(t) = ∫
L0/2

−L0/2
q(x, t)dx. (B2)

We take, as for the total number, the time derivative and Laplace
transform, and using Eqs. (A9) and (A10), we obtain

Ĉon(s) = 2N [
konAC

m1(s + koff)
(eL0m1/2 − e−L0m1/2)

−
q0koffL0

2s(s + koff + kon)
]. (B3)

2. Number of unadsorbed particles
Again, we follow the same method as Sec. II B. We have

Coff(t) = ⟨Noff(t)Noff(0)⟩ = Nψoff→off(t), (B4)

where this time ψoff→off(t) represents the probability that a par-
ticle starting unadsorbed in the channel is still unadsorbed in the
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channel at time t. Importantly, this means that the initial conditions
now include q0 = 0. We have

ψoff→ off(t) = ∫
L0/2

−L0/2
p(x, t)dx. (B5)

We take, as for the total number, the time derivative and Laplace
transform, and using Eqs. (A9) and (A10), we obtain

Ĉoff(s) = −2N [AC(eL0m1/2 − e−L0m1/2)

× (
kon

m1(s + koff)
−

m1

m2
0
) +

p0konL0

2s(s + koff + kon)
]. (B6)

3. Cross-correlations
In general, we can also calculate correlation functions for the

numbers of particles that switch from bound to free, Con→ off(t),
and vice versa, Coff→on(t). These cross-correlations are non-trivial,
which means that in most cases one cannot simply sum the contri-
butions to the total PSD of free and bound number fluctuations, i.e.,
SN( f) ≠ Son( f) + Son( f). The cross-correlations can be calculated
using the same method as Sec. II B,

Con→off(t) = ⟨Noff(t)Non(0)⟩ = Nψon→ off(t), (B7)

where ψon→off(t) represents the probability that a particle starting
adsorbed in the channel is unadsorbed in the channel at time t.
The initial condition is now that p0 = 0. Again, we take the time
derivative and Laplace transform, and using Eqs. (A9) and (A10),
we obtain

Ĉon→off(s) = 2N [AC(eL0m1/2 − e−L0m1/2)

× (
m1

m2
0
−

kon

m1(s + koff)
) +

q0koffL0

2s(s + koff + kon)
]. (B8)

The other cross-correlation follows,

Coff→on(t) = ⟨Non(t)Noff(0)⟩ = Nψoff→on(t), (B9)

now with q0 = 0. As above,

Ĉoff→ on(s) = 2N [AC(eL0m1/2 − e−L0m1/2)

× (
kon

m1(s + koff)
) +

p0konL0

2s(s + koff + kon)
]. (B10)

APPENDIX C: COMPUTATIONAL METHODS

The system we simulate is that described in Fig. 2. Particles are
initialized along the lines P and Q with an initial distribution calcu-
lated from the expected number of particles in each region according
to the probability densities p0 and q0. This allows the steady state to
be reached faster than random initialization. The system contains
N particles, and NT steps are carried out in total. We use N = 100

and NT = 2 × 105. The time step used is dt and is chosen to be suf-
ficiently small compared to the timescales of diffusion, adsorption,
and desorption that it captures their full behavior, i.e.,

dt ≪ 1/kon,
dt ≪ 1/koff,

dt ≪ L2
0/D.

(C1)

The probability for a given particle inside the channel to adsorb in a
time step is pon = kondt, and the probability to desorb is poff = koffdt.

Each step is carried out as follows. For each particle, we first
check if it is already adsorbed. If it is, a random number is sampled
from a uniform distribution r1 ∼ U(0, 1). If r1 < poff, the particle un-
adsorbs, and if r1 > poff, it remains adsorbed. If the particle was not
previously adsorbed but is in the channel region, a second random
number r2 ∼ U(0, 1) is generated. If r2 < pon, the particle adsorbs,
and if r2 > pon, it remains unadsorbed. If it remains unadsorbed, or
if it was initially in the reservoirs, the particle moves according to

X(t + dt) = X(t) +
√

2Ddt Wt , (C2)

where Wt is sampled from a normal distribution at each time step,
Wt ∼ N(0, 1). If X(t + dt) lies inside the system, it is accepted; how-
ever, if it lies outside the allowed region it is reflected back into the
allowed region, according to Snell’s law (specular reflection).68

We measure the number of particles in the channel, or a spe-
cific region of the channel, at every time step. To characterize these
fluctuations, we calculate the PSD, which can be defined as

S( f ) = ∣F {x(t)}∣2, (C3)

where x(t) is the time-varying signal and F represents a Fourier
transform. Since we are measuring a discrete signal—the particle
number fluctuations—we cannot apply Eq. (C3) directly. We instead
estimate the power spectrum using Welch’s method,69 which takes
the average PSD from multiple overlapping sections of the sig-
nal. This reduces statistical error on S( f), an advantage over other
methods of PSD estimation. To further reduce error, we run each
simulation 10 times and average the estimated PSDs. The spectrum
is then smoothed by logarithmically binning along the frequency
axis and averaging S( f) in each bin. Then the PSD of the simulated
number fluctuations can be compared directly to the theoretical
results.

In the 3D simulations, the procedure is exactly as above, except
each particle has three position coordinates and diffuses in a cubic
box of side length L. The “channel region,” or sensing region, is a
cubic box of length L0 at the center.

APPENDIX D: ADDITIONAL RESULTS
IN THE FULL CASE

Here, we consider additional representative results in the full
case with adsorption processes and diffusion.

1. Diffusion slower than adsorption/desorption
First, we consider the complementary case to that in Sec. III C 1.

Changing the ordering of the adsorption and desorption timescales
does not significantly affect the shape of the power spectra, but
nonetheless, there are some subtle changes. Results are in Fig. 9.
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FIG. 9. Slow diffusion, fast adsorption/desorption—Case 1 (continued): τcha ≫ τads ∼ τdes. Left: total PSD. Middle: bound PSD. Right: free PSD. We use L = 2ℓ0,
kon = 375/τ0, and koff = 125/τ0. Note that the main difference compared to Fig. 5 is that the relative ordering of the rates of adsorption and desorption are now reversed;
here, kon ≫ koff. Labels are similar to Fig. 5.

Now, when the adsorption rate is faster than desorption and
binding is favored, the total PSD lies further from the purely dif-
fusive line (dotted) at high frequencies. In this region, the free
PSD lies closer to the pure adsorption line (dashed-dotted). These
changes can be reconciled with the fact that increasing the adsorp-
tion rate makes binding more favorable, so particles adsorb more
quickly on entering the channel, on average. This suppresses the
high frequency f−3/2 scaling due to the diffusive motion of particles
across boundaries in the total PSD and also increases the impor-
tance of the adsorption process to the free PSD. Nonetheless, at very
high frequencies, both total and free PSDs eventually recover their
f−3/2 scaling.

2. Comparable timescales
Spectra for the case where diffusion, adsorption, and desorp-

tion all have similar timescales are shown in Fig. 10. Here, the two

corner frequencies and intermediate scaling we could observe clearly
in the previous two cases collapse, with all three PSDs showing only
one plateau and corner frequency. This illustrates how a complex
physical situation with overlapping timescales could be difficult to
interpret experimentally. While there are four timescales and two
distinct processes (adsorption and diffusion) in the system, they are
masked by the simple shape of the PSD.

However, our model and simulations provide a possible means
of distinguishing this case from the similar-looking cases of pure
diffusion and pure adsorption. The total PSD is close to the pure dif-
fusive case but, at intermediate frequencies, transiently follows the
adsorption case with a scaling of f−2. The bound PSD, while sim-
ilar to the case of pure adsorption, has a higher plateau. The free
PSD resembles the case of pure diffusion, but its slope is steeper than
f−3/2 at intermediate frequencies, as it is still affected by adsorption
(until it recovers the f−3/2 scaling at high frequencies).

FIG. 10. All physical processes have comparable timescales—Case 3: τcha ∼ τads ∼ τdes. Left: total PSD. Middle: bound PSD. Right: free PSD. We use L = 2ℓ0 and
kon = koff = 2.5/τ0.
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FIG. 11. Adsorption much faster than desorption—Case 4: τdes ≫ τsys ∼ τcha ≫ τads. Left: total PSD. Middle: bound PSD. Right: free PSD. We use L = 2ℓ0, kon = 25/τ0,
and koff = 0.25/τ0.

Where could we observe this kind of behavior? One exam-
ple is in the adsorption of polymers inside glass nanopores.31

We could also see an overlap in diffusion and adsorption in
DNA hybridization microarray assays.52 Although diffusion of small
molecules is generally “fast,” the diffusive timescale becomes long
when the channel length involved increases to hundreds of nm or
even μm.

3. Separation of adsorption
and desorption timescales

Finally, we consider the case of the separation of adsorption
and desorption timescales. When desorption is much faster than
adsorption, we tend to the pure diffusive case, so we do not consider
that here. However, when adsorption is the faster process, we have a
more interesting case where particles enter the channel and imme-
diately adsorb. This means particles effectively transition between
the reservoirs and the bound state. Although this may seem like an
extreme case, this situation can occur physically in any system where
adsorption is heavily favored. This is the case in the catalysis of ben-
zene alkylation in zeolites,56 as well as in microporous biomolecule
sensors.57

Representative results are shown in Fig. 11. The PSDs now
have more complex shapes. The total PSD shows several scaling
regimes, with a corner at the diffusive timescale and a kink at the
adsorption timescale. Above the adsorption timescale, it scales as
f−3/2. The bound PSD also shows at least two separate scalings
and corner frequencies. At high frequencies, it resembles the pure
adsorption case with an f−2 scaling. The free PSD is very close to
the case of pure adsorption (telegraph noise), but its slope at high
frequencies eventually returns to f−3/2. Interestingly, the diffusive
timescale along the channel is the only timescale not correspond-
ing to a change in slope for these PSDs—this may be because very
few (if any) particles are able to diffuse along the channel without
adsorption.
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