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Particle number fluctuations N (¢), measured in virtual observation boxes of an image or a simulation, offer
a way to quantify particle dynamics when particle tracking is impractical, such as in high-density systems.
While traditionally limited to equilibrium diffusive systems, we extend this approach—named “Countoscope”—
to out-of-equilibrium self-propelled particles: Active Brownian (ABPs), run and tumble (RTPs), and active
Ornstein-Uhlenbeck particles (AOUPs). For AOUPs, we leverage their Gaussian statistics to derive a general
formula applicable to any Gaussian system. For ABPs and RTPs, we derive the self-intermediate scattering
function (ISF)—and thus the correlations of N(#)—using an exact perturbative expansion over the probability
density fields, revealing key physical features of the ISF and of the number correlations. Our theoretical predic-
tions for the mean-squared number difference (AN?(t)) = ((N(¢) — N(0))?) match stochastic simulations and
exhibit three time-dependent scaling regimes: diffusive, ballistic, and long-time enhanced diffusive, reflecting the
regimes of the mean-squared particle displacement. We further uncover limiting laws in each of these regimes

that are useful to quantify self-propulsion properties.

DOI: 10.1103/9rnw-g4xw

I. INTRODUCTION

More than a century ago, Smoluchowski introduced the
concept of measuring particle dynamics by probing the num-
ber N(t) of particles within a microscope’s field of view [1-4].
As particles undergo Brownian motion, they diffuse in and
out of the observation region, inducing fluctuations in N(t).
Smoluchowski developed a theory—Ilater verified experimen-
tally [5,6]—to relate diffusion coefficients to the correlations
of N(t) at equilibrium. While a limited number of studies
expanded on this principle through the 1980s, most remained
theoretical, with even fewer addressing out-of-equilibrium
systems [7—11]. A notable 1953 study by Rothschild exam-
ined the dynamics of sperm cells [8], a canonical example
of self-propelling particles that consume energy to perform
directed motion [12]. Assuming sperm cells swim straight
without reorientation, Rothschild derived a theory to quantify
their swim speed from fluctuating counts. Rothschild also
introduced the idea of counting particles in many virtual ob-
servation boxes of an image to improve statistical accuracy.
However, due to the practical challenges of manual counting
and correlation analysis at the time, the potential of number
fluctuations was progressively forgotten [13].

Smoluchowski’s modern legacy lies instead in techniques
such as dynamic light scattering (DLS) and fluorescence
correlation spectroscopy (FCS), which rely on correlations
of the intensity scattered by particles within an illuminated
region [14,15]. These methods are typically used to mea-
sure diffusion coefficients in equilibrium suspensions and are
less commonly applied to out-of-equilibrium systems. Since

“Contact author: sophie.marbach@cnrs.fr

24770-0045/2026/114(5)/054116(18)

054116-1

self-propelled particles exhibit both directed motion and re-
orientation over time, their long-time behavior is akin to
enhanced diffusion. DLS and FCS can quantify this enhanced
diffusion [16,17], and ongoing research continues to refine
their ability to distinguish self-propulsion speed and reorien-
tation time from the signals [18].

Advances in modern microscopy and automated analysis
have removed the obstacles that once made Smoluchowski’s
method impractical. Recent work by some of us has revived
his approach to investigate the diffusive properties of colloidal
suspensions at equilibrium [19]. Importantly, we introduced
the “Countoscope” concept, which involves probing N(¢)
in observation boxes of varying sizes to resolve dynamics
across different length scales. This approach has enabled us
to identify a peculiar hydrodynamic enhancement of collec-
tive diffusion in dense colloidal suspensions [20]. However,
the potential of this method for analyzing out-of-equilibrium
systems—particularly self-propelled particles—remains un-
explored.

The primary challenge in applying Smoluchowski’s for-
malism to self-propelled particles is the absence of a
theoretical framework linking self-propelled dynamical pa-
rameters to fluctuating counts. Since N (¢) can be expressed as
the integral of particle density within a box, a model for den-
sity correlations is sufficient to infer the correlation functions
of N(t). The intermediate scattering function (ISF), defined
as the spatial Fourier transform of the density correlation, is
a standard tool for investigating such correlations. Recent ef-
forts have focused on solving the exact ISF for noninteracting
self-propelled systems [21-24], achieving remarkable agree-
ment with experimental data from Janus colloids and bacteria
[22,23]. While some of these approaches are model specific
[21] or rely on sophisticated theoretical frameworks requiring
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numerical solutions to obtain the ISF [22,24], they highlight
the rich potential of ISFs to investigate self-propelled parti-
cles.

To investigate number correlations with ISFs, it is use-
ful to manipulate simple expressions of the ISFs to increase
computational efficiency as number correlations require ad-
ditional integration steps. Recently, several theories have
been developed to solve the probability distribution functions
of self-propelled particles through the Fokker-Planck equa-
tion (FPE) of the system [25-28]. These approaches, while
perturbative, offer simplified solutions and, therefore, hold
significant potential for deriving analytical laws for number
fluctuations. Such a perturbative strategy on the FPE has re-
cently been successfully applied to obtain a simplified ISF of
anisotropic active Brownian particles [27]. Another advantage
is that these theories allow different models of self-propelled
particles to be treated within the same framework [26,28],
making them highly versatile.

Here we derive theoretical expressions for the number
fluctuations of three canonical models of self-propelled non-
interacting particles: Active Brownian particles (ABP), run-
and-tumble particles (RTP), and active Ornstein-Uhlenbeck
particles (AOUP). We use a perturbative expansion of their
Fokker-Planck equations, conducted over increasing modes of
orientational order. This expansion can also be interpreted as
a perturbation in the Péclet number governing orientational
relaxation. Our approach to obtain the Fourier-time ISF goes
beyond prior works since we obtain all terms of the expan-
sion, producing exact results in the form of an infinite series
of fractions—a so-called continued fraction. The real-time
ISF is obtained via inverse Fourier transform, with explicit
expressions available at select perturbation levels. Number
correlations are then derived as spatial integrals of the ISF.
Comparison with numerical simulations confirms that our ex-
pressions are exact, with accuracy maintained for sufficiently
small Péclet numbers when truncated at finite perturbation
orders.

Our theoretical expansion also clarifies key features of the
ISF and number correlations: Oscillations in both correla-
tion functions arise from reorientation dynamics. Importantly,
number correlations are very sensitive to differences in reori-
entational behavior between the different models. We identify
three dynamical regimes in the number correlations: transla-
tional diffusion at short times, self-propulsion at intermediate
times, and enhanced diffusion at long times. These limiting
regimes reflect behavior of the mean-squared displacement
of particles and are each more pronounced in small or large
observation boxes depending on the regime. Finally, we obtain
simple theoretical laws for number correlations in each of
these regimes and discuss them in the practical context of
extracting dynamical parameters from experimental data.

II. SETUP FOR COUNTING
SELF-PROPELLED PARTICLES

A. Counting method

We study the number N(¢) of self-propelled particles in
square boxes of size L x L. Note that although we provide
a reasoning here for two dimensions, the tools we use may
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FIG. 1. Probing number fluctuations. “Countoscope” approach
where we probe the number of particles in virtual observation boxes
of an image or simulation.

readily be adapted to three dimensions [27]. The number
N(t) fluctuates as particles randomly enter and exit the box,
undergoing various dynamics, see an example in Fig. 1. To
read out the particles’ dynamic properties from the fluctuating
counts, we will here mostly explore two correlation functions:
(i) the time correlation function Cy(f) = (N()N(0)) — (N)?
for the particle number and (ii) the mean-squared change in
particle number

(AN?(1)) = ((N(t) — N(0))*)
=2({N?) — (N)?) = 2((N(t)N(0)) — (N)?)
= 2(({N?) — (N)?) — 2Cy (0). (1)

In the above, () corresponds to an average over realizations
of the noise, initial conditions, and boxes of same size in an
image. While we do not explicitly highlight this in our nota-
tions signatures, we note that N(¢) crucially depends on the
size of the virtual box and probes different motion occurring
at different length scales L.

(AN?(t)) can be put in parallel, for particle numbers, to
the mean-squared displacement (MSD) (AP (1)) = (Jr(t) —
r(0)|?), where r(t) refers to a particle’s position at time 7. We
will refer throughout this article to (AN?(¢)) as the number
mean-squared difference (NMSD). One main difference is
that although for the MSD the averaging (-) is done over
individual particle trajectories, for the NMSD the averaging is
instead taken over all boxes L “drawn” over the observation
window. Note, that while they do not in Fig. 1, typically
observation boxes overlap to allow for increased statistics,
as demonstrated in a previous work [20]. Typically, here the
number of boxes ranges between 10! and 10* for each box
size, with fewer boxes for bigger box sizes.

In our investigation, we will consider for simplicity that
particles do not interact. The presence or not of a particle
in a box at fixed time ¢ is therefore independent of that
of others and, therefore, follows a Poisson process. Hence,
we can write (N?) — (N)? = (N) [29]. We can thus simplify
Eq. (1) to (AN?(¢)) = 2(N) — 2Cx(2). It is thus sufficient to
obtain a theoretical expression for either Cy(¢) or the NMSD
to obtain predictions on both quantities. Here we will focus
on Cy(t) = (N()N(0)) — (N)2. We can write N(¢) in terms
of individual particle contributions N(t) = ), n;(t), where
n; = 1 when particle i is inside the box and 0 when outside
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[30]. Then, for noninteracting particles,

(NON©0) = > " (ni(ni(0)) + Y (n;()ni(0))
i i,j#i
= (N)Pn(t) + (N)?,

where P, is the probability that a particle present in the box at
t = 0is still in it at time ¢ (r;(t) = n;(0) = 1). Cy(¢) can thus
be reexpressed as

Cn(1) = (N)Pn(2). 2

Note that this relationship was established quite some time
ago by first principles by Smoluchowski [1,3]. The factor
P, (t) was then referred to as “probability after-effect” [4].
While its expression for strictly diffusive systems is known,
it is much less intuitive for self-propelling particles. Overall,
(N(t)N(0)) has an (N)? contribution from different particles
and an excess contribution from how long each of the (N) par-
ticles initially inside the box keeps contributing to correlations
by staying in the box [30].

We can further express Py (¢) in terms of ao(r,r’, 1), the
probability of a particle to be at position r at time ¢ with initial
position . We do so by integrating on r over the size of the
box and averaging over all possible starting positions ' within
the box. Rewriting ag as aog(r — 1, t), since ay should only
depend on the distance between start and end point due to
translational invariance, we obtain

1
Pn(t) = — drdr ay(r — 7, 1t). 3)
L2 [_%,%]2

It will often be useful to operate in spatial Fourier space,
and so we define F(k, t), the Fourier transform of ag as

F(k,t) = / dre * ay(r, 1) 4)

for a given wave number k. F (k,t) is the self-intermediate
scattering function of the particles, which we refer to as ISF
for simplicity. When particles are noninteracting, and writing
¥’ their initial position, F (k, t) can be written [14] as

F(k,t) = (e ™) = f dr—r)e " agr — v, 1),
(5)

where the average indicates an average over all particle trajec-
tories. This last formulation shows that F (k, t) is indeed the
Fourier transform of ay. We thus obtain

_@ ’ i ik-(r—r")
Cy(t) = B //[_%,élzdrdr/(zn)ze Fk,t). (6)

Note that this expression can be simplified by carrying out the
integrals on k—see Eq. (A1). In this paper, we will establish
expressions for either directly Py, (¢) or F(k,t) to obtain ex-
pressions for the correlation function Cy(t), through Eq. (2)
or Eq. (6).

B. Three models for self-propelled particles

We consider three broadspread models of self-propelled
particles to benchmark the “Countoscope” approach in this

nonequilibrium context. First, we consider RTP, which de-
scribe well a range of biological systems, including many
bacteria and swimming microalgae [23,31-33]. In its simplest
form, in two dimensions (2D), the position r(¢) of a particle
whose orientation is given by u(6) = (cos 8, sin 8) evolves as

F(t) = vu(9;) + /2D(2), (7
0 — 0 €[0,2x], (®)

o

where v is the self-propulsion speed, D, a translational diffu-
sion coefficient, and n(¢) a Gaussian white noise satisfying
(n(t)) =0 and (n;(t)n;(t")) = 8;;6(t —1'), where (-) repre-
sents an average over realizations of the noise. Equation (8)
corresponds to exponentially distributed tumbling events at
rate . Note that some models include two rates to distinguish
tumbling and running phases, but in the vast majority of cases,
one can take the approximation of instantaneous tumbles [31].
Second, we consider the ABP model, which describes better
systems where reorientation is smooth and diffusive. In that
case the evolution equation for r(z) is the same as for the RTP
Eq. (7), but the orientation evolves as

6(1) = V2D, (1), (€))
where 7,(t) is another Gaussian white noise and D, is the
angular diffusion coefficient. ABP models capture well the
motion of Janus particles [34-37]. For both RTP and ABP,
fluctuations come from passive diffusivity and reorientation.
It can, however, be useful to allow the self-propulsion speed

to fluctuate for certain applications, which is captured by the
AOUP model. In this case,

F=vou(t) + v/2D(1), (10)
T, 0ou = —Vou(t) + 2Dy, (1), (11)

where 7, is a timescale associated with velocity relaxation,
D, a velocity diffusion coefficient, and »,(¢) another Gaus-
sian random noise. In this model the mean particle velocity
is v = (/|vou(®)|?) = /2D, /7,, allowing us to build corre-
spondence between the different models.

For all three models, the MSD can be captured by a single
equation

2

v fH20 (P~ 1), (12)
—(e r J— s
2D, D?

(AP (1)) = 4<D, +

where D, = « for RTPs,and D, = 1/1, and v = /2D, /7, for
AOUPs. This equation captures the three regimes of motion
displayed by the particles: At very short times, motion is dif-
fusive (Ar?(t)) = 4Dt until a crossover time tyy; = 4D, /v?,
after which motion is ballistic (Ar?(¢)) = v*#>. Reorientation
dynamics make motion diffusive again after another crossover
time tgirr = 4Der/v* and (Ar%(t)) = 4Dt with an effective
diffusion coefficient Desr = D, + v>/2D, that is enhanced by
activity. We expect these three regimes to also appear in the
NMSD due to the similarities in how they probe particle
dynamics in time.
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We quantify the impact of activity on the motion of active
particles with a dimensionless Péclet number Pe,

vl v

D, 2,/DD,’
where D¢ = D, for ABP, « for RTP, and 1/, for AOUPS.
For convenience, we use the equivalent notation DY = D, +
«. The Pe number compares the timescale of active self-
propulsion to that of diffusion over a length scale £. We
choose ¢ to characterize the distance that a particle dif-
fuses before significant reorientation happens, so such that
4¢%/D, = 1/D?, giving £ = ,/D,/D*/2. The synthetic Janus
particles typically described by the ABP model tend to have a
low Pe >~ 3 — 6 [34,36,38]. Bacteria such as Escherichia coli
usually have higher self-propulsion speed with Pe >~ 15 — 20
[24,31].

All theoretical calculations are checked against numerical
simulations of the three particle models. For more details on
numerical implementation see Appendix A.

Pe 13)

C. Calculating ISFs for self-propelled particles
1. Non-Gaussian models

For both the noninteracting ABP and RTP models—which
are non-Gaussian models—exact results of ISFs have been
derived in recent years [21-23]. However, these solutions are
either model specific or computationally expensive. Given that
investigating number fluctuations requires to perform an inte-
gral on k on top of the ISF, as given in Eq. (6), we attempt to
find a numerically efficient expression of the ISF. In addition,
given the complexity of the previously obtained expressions,
it is hard to infer behavior in limiting regimes of parameters.

We note that one common alternative approach to ob-
tain ISFs involves stochastic density field theories (sDFT) or
Dean-Kawasaki equations [19,39,40,40-44]. For this applica-
tion, stochastic density field theory is impractical as there is
no consensus yet on a stochastic density field theory for self-
propelled particles [45-48]. Rather, we will use approaches
based on the FPE—for which a consensus exists on the ex-
pression of the FPE for noninteracting suspensions of active
particles. Thus we obtain results directly on the probability
distribution ao(r,t) rather than on the microscopic density
> ;8@ —r;(t)) studied by sDFT.

2. Gaussian models

The case of AOUPs is slightly different as it is a Gaussian
model. Indeed, the self-propulsion speed voy(#) in AOUPs
evolves smoothly as a Gaussian colored noise. Thus, the prob-
ability distribution of the position of noninteractive AOUPs is
Gaussian. It therefore satisfies the common property that all
of the cumulants of its position variables above 2 are equal to
0. Looking back on Eq. (5) with initial condition r(0) we can
show through a cumulant expansion [49] that

Fk,t) = (e~ kCO=rO)y _ e-ik-(r-r(())))-%(|r(z)—r(0)\2>+...

— e—éﬁrz(f)) (14)

)

obtaining a well-known result for AOUPs using Eq. (12).

This result can further be plugged in Eq. (6). Then, one can
split up integrals on x and y and, realizing they are the same,

obtain
Ar? :
Cw(t) = (N) [f(%—f”)}

. _ T i 1
with f(r) = ;(e —1)+erf = (15)

where erf is the error function. For more details on this calcu-
lation we refer the reader to Ref. [19].

It then follows that Countoscope formulas for any Gaussian
model can easily be obtained so long as one knows the MSD
of the model and simply by plugging the MSD into the func-
tion f. Remarkably the intuition for this formula was brought
forwards recently in Ref. [50] but not derived. Note that in
Ref. [50] it was applied to both Gaussian (fractional Brownian
motion) and non-Gaussian random walks (obstructed diffu-
sion) with only a mild deviation observed for non-Gaussian
cases. Equation (15) will be useful as a reference point for the
study of ABPs and RTPs to see which role non-Gaussianity
plays in number fluctuations.

III. ANGULAR MOMENTS OF THE PROBABILITY
DENSITY FOR NON-GAUSSIAN MODELS

A. Derivation of the probability densities
1. Formulation in terms of an infinite hierarchy

To obtain expressions for the ISFs of our models we will
rely on a coarse-graining procedure going from the stochas-
tic equations of motions to probability space. Using a FPE
formalism we study the time evolution of P(r, 6, t), the prob-
ability density that a particle is found at position r with
orientation 0 at time ¢. For either an ABP or an RTP,

3P(r,0,t)= -V, (vu(®)P — D,V,P)+ D,d;P

o 2
—aP + — / do' P(r,0', 1), (16)
2 0

where for an ABP one sets « = 0 in the above expression,
and respectively for an RTP one sets D, = 0. To find ao(r, ),
it is sufficient to find the marginal of P(r, 0,1), i.e., P(r,0,1t)
integrated over all values of 6. To get rid of 6 in this FPE, we
closely follow the method of Dinelli et al. [26] for its sim-
plicity when working with 2D active particles. Note, however,
that we use a different closure for our purpose. The angular
dependences are separated from the radial ones via a Fourier
series

1 +o00 )
P00 =— ) eMayr,n), (17)
n=—oo

introducing the different coefficients a,(r, t) for n € Z. Intro-
ducing the scalar product (f, g) = 02” do f*(0)g(0), we note
that each component may be obtained as an integral over the
mode n, as

2. +oo
in6 _ i —in6 1 ik6 _
(", P) = do e T E ear(r,t) = a,.
0 k=—00
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We now aim to reexpress the FPE Eq. (16) as a function of
the a,(r,t) so as to obtain ay(r,t). To do so, a few more
relationships are worth deriving:

2 1 >
ind o2 —inf 2 k6
L 92P) = do - —k rt
agr)= [ as e 3 R arn
= —nzan
—+00
<ein@ u(e)[)) — o do e—inOL Z C9S9 eikaak(r t)
) A 2w 4 sin 6 '
1. A
= E[z+an+1 +i_an_1],

where we also introduced the vectors 7. = ( L). In addition
we note that

2 2w 1 +00 -
/0 d@P(r,@,t):fO d@g Z e a,(r,t)

n=-—00
+0o 2 £ine
= E a, do
0 2
n=—00
~+00
= E Ay 511.0 = dyp.
n=—00

We can then straightforwardly compute (¢™, 3, P) and obtain
a series of equations for the evolution of all the a,, coefficients,

v A A
0an, = — Evr “[ivant1 +i-ay—1]1+ D Aay

— D,n*a, — a(l = 8,0)ay. (18)

In the following it will be useful to compare different levels
of truncation of these series and so we explicitly write out the
first three equations of this series. Note that we also add a
term as §(¢)6(r) in ag to account for initial conditions starting
att =0andr=0:

v . .
drao(r,t) = _Evr lizay +i—a_1]+ DiAag + §()8(r),

(19)
v A A
Orari(r,t) = — Evr “[ixasz +izaol + D Aag,
— (D + @)ax, (20)
v A A
Orata(r,t) = — Evr [ixass + izas1] + DiAags
— (4D, 4+ a)ay,. 21

The approach on the infinite series of a, can be related
to other techniques consisting in obtaining evolution equa-
tions for the fields describing the density p, the polar p(r, 1),
and nematic orders of the system g(r, t) [25,27,51-54]. The

advantage of working at the level of the a,, is that the n coeffi-
cients are directly related to one another through a recurrence
relation while the link with higher orders when working with
these fields is not obvious. Although the physical meaning of
the a, coefficients is less straightforward than the meaning of

these fields, it is possible to connect these approaches, via the
relations

p(r,t) = /P(r,u, t) du = ay,

p(r’t)Z/“P(r,u,t)duz ( ar+a- >

i(ay —a-y)

qr. 1) = f (uu — %) P(r,u,t)du

_ <%(a2 +a_p) ilay+a-y) )

- \i(ar +a-») —%(Clz-l-a_z)

shown in Appendix B. These relations show in particular that
ap(r, t) represents the probability density of finding particles
inr, p(r,t).

We note that although their notation in the literature are
very similar, the density p(r, t) is a different object than the
microscopic density which characterizes the ensemble of indi-
vidual particle positions. One is a probability density that is a
macroscopic, smooth object corresponding to a distribution of
positions while the other is a sum of delta peaks corresponding
to a microscopic function that needs to be handled with more
care. We will stick with the ay notation instead of p(r,t)
as a reminder that it is a probability obtained through an
expansion.

To make progress, it will be useful in the following to use
the time and space Fourier transform,

a,k, w) = f drdr a,(r, t)e ™ e %,

2. Closure procedure and infinite continued fraction

Equation (18) describes an infinite hierarchy of equations,
with each a, coefficient depending on a,+;. A truncation
will therefore be necessary to obtain expressions for ag. A
standard procedure [25-28,51,52] consists in cutting higher
orders, n > N, corresponding to either the polar, the nematic,
or higher angular dependences. Truncating at order N implies
taking all components {a4,},>n+1 = 0. With a truncation at
order N, using Eq. (18), the Fourier components a4y can then
be expressed as

V. s
.~ . Y~ 2~
iwayy(k, w) = — Elk Slplrn—1) — DikTasy

— N’D,dyy — odsy,

This expression may be recast into

Vi Ao~
—zlk clxd(N-1)

a:l:N(ks w) = b
N

)

introducing the notation
by = iw + D,k*> + n*D, + a(1 — 8,0), VneN. (22

Terms of order N — 1 are then found iteratively

.~ V., 2~
lwaL(N—1) = — Elk lxdi(N-2)

_ <bi +Dk*+ (N —1)°D, + a>?ii(1v1),
N

(23)
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which can be recast into

Vi Ao~
—ilk clxdi(N-2)

a':I: N-1) = 3 s
¢ by-1 + 3
introducing the notation
v2k?
Cp = T, Vn € N. (24)

Continuing this scheme, it is clear we can express all d, <y as
a function of ¢, and b,,, with ¢, = ¢ always constant. We thus
introduce the notation for continued fraction

N ¢, C1
n=1b - Cc
"ob+
c3
by + ———
b3 + .
such that for a4,
N —5ik - o
A1 = 3" TN o
b] + K”:2 b_”

Finally an expression for dg correct to order N in the trunca-
tion is

~ N ¢y

a, =by+2 K —. (25)

n=1 bn

This compact expression is one of the main results of our
work. Notice that when we go to the limit of a passive tracer,
with v = 0, we recover ay(k, w) = 1/(iw + D,k?) which is
the standard expression for a purely diffusive particle [55].

In the case of RTPs, Eq. (25) can be further simplified.
Since neither the denominators nor numerator depend on 7 in
this case, as given by Eqgs. (22) and (24), b, = b and ¢, = c,
the continued fraction converges to an analytic expression
when taking the limit of N — oo, which is

a = byt K S=byt
a = - = _
O T T T Vit e

J

do,1(k, w) =

Using the expressions for b and ¢ as provided in Egs. (22) and
(24) yields

1
ao(k, w) = ) (26)
’ V(o +Dik? + @) + vk — «

which is another main result of our work. This expression is
analytically exact as all the terms are accounted for and the hi-
erarchy can be closed without the need for a truncation (since
we took N — o0). This is, to our knowledge the first exact
result obtained for the probability distribution for noninteract-
ing RTPs in 2D from a perturbative series on the orientational
orders. Our result in Eq. (26) is similar to Eq. (20) of Ref. [21].
In comparison, Ref. [21] does not contain translational diffu-
sion, which can actually be added in the entire derivation by
replacing iw — iw + D,k*. Reference [21] relies on a pertur-
bative series on the number of tumbling events [56] rather than
on the distribution of orientational orders. As such, it is not
easily transferable to other choices of reorientation dynamics.

For ABPs, one has no choice but to choose an order at
which to close the series. Taking a truncation at order N
essentially corresponds to choosing the value for which hNCH
will be negligible compared to by. Therefore, truncation will
be more accurate when ¢ < b2. A competition between the
values of the speed v in ¢ and of the diffusion coefficients in b,
at order k2 can therefore be identified, and b% will be smaller
at smaller Pe. The truncation will thus also éonverge quicker
for ABPs, due to the factor n*> appearing in front of D, in
the definition of b, in Eq. (22). This contribution comes from
the diffusive reorientation in space for ABPs and is absent in
RTPs for which reorientation dynamics are sudden. As such,
the truncation consisting in neglecting higher orientational
moments will be more accurate for systems where the orienta-
tion avoids sudden changes and evolves smoothly. For ABPs
we can for instance stop at polar order, taking N = 1 such that
{an}n>2 = 0, and obtain

io+ Dk*+ D, + «

(i + Dk*)(iw> + Dk* + D, + o) + “&°

27)

where we used the notation dy y to designate @y approximated with a truncation at order N. Stopping at nematic order, taking

N =2 and {a,},>3 = 0, yields

apa(k, w) =

2(iw + Dik* + 4D, + a)(iw + D> + D, + a) + X

B. Intermediate scattering functions

1. From frequency domain to real time
Using Eq. (4), we can relate ay(k, w) to the ISF doing an
inverse Fourier transform in time F (k, t) = f g—;’ e ayk, w).
At order N =1 in the expansion, or polar order, we can
simply take the inverse Fourier transform of Eq. (27). This

(i + Dk>)[2(iw + D,k* + 4D, + a)(iw + Dik* + D, + @) + 2] + vk (iw + Dk + 4D, + &)

(28)

(

integral can be solved using the residue theorem, with two
poles canceling the denominator,

202 D2
o :i(Dtkz—i—D,)j:,/l% -
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which yields

Fi(k,1) = e @F+50 |:cos( 2k — (D;?)2) +

where we abbreviated DY = D, + «. The fact that we can
factor out D, and « in the same way means that at this order
of the truncation, D, and « play the same role. This is also
expected from looking at ay; terms in Eq. (19) where D, and
o play the same role. The polar order truncation thus smears
out differences between reorientation modes.

The same strategy can be used to obtain an ISF at ne-
matic order. The denominator is of order 3 in this case and
we find three poles (w;, w,, w3) in the superior part of the
complex plane (see Appendix C for details). Writing h(w) =

(io + Dik* 4 D, + a)(io + Dik* 4+ 4D, + a) + ZE we get
> h(w;)e' !
Bk, t) = d (30)
? Z < (s — @)

For higher orders, it gets increasingly harder to obtain
analytical results. Equations (27) and (28) highlight that the
denominator of @y(k, w) when the truncation is stopped at
order N will be of order N + 1 in w. Therefore, analytic
solutions for F(k,t) can only be found up to order N = 3
in the truncation as only polynomials of up to order 4 ad-
mit general solutions for their roots. For higher orders, one
thus has to invert the Fourier transform numerically, with fast
Fourier transform (FFT) algorithms. We do not solve at order
3 analytically in this paper for the sake of brevity, and all the
figures with order N > 3 are obtained from perfoming that
numerical integration.

In the case of RTP, where we have an exact expression
for @y given via Eq. (26), we also have to perform a numer-
ical inverse Fourier transform. Numerically obtaining F (k, t)
from @ with FFTs is a fast and robust process, compared
to alternatives which rely on numerically solving a system
of equations [24]. Inspired by Ref. [21], we can reexpress
Eq. (26) as

P [e'9)

0 npn+l

= E oa"PT,
1—OlP() =0 0

~

ag =

—1
with Py = \/ (iw + D;k* + a)? 4+ v2k? . The inverse Fourier
transform can then be carried out within the sum and we find
a rather straightforward expression, in the case of RTP only,

as
Flk,t) = e~ D’”Z Ve %J (kvt)
= ' —_ n (kv
2:7 (2 \ kv 2

where the J,, are Bessel functions of the first kind. In
practice, this direct expression in real time could be compu-
tationally advantageous. However, it requires to conduct the
sum at high values of n where commonly used algorithms to
calculate Bessel functions are inaccurate [57].

D s1n(2 2k2v? — (D‘;‘)2):|, (29)
2,/2k202 — (Do)’

2. Convergence of the obtained expressions

We now compare our analytical predictions for F(k,t)
with measured ISFs from simulated data, both for ABP and
RTP (Fig. 2). We especially compare the results at different
orders N. Since our particles do not interact, we are looking
at the ISF which satisfies F(k,0) = 1 and decays towards
zero in time. For both RTP and ABP, we find this decay
is accompanied with significant oscillations—a fact that has
been identified though seldom explained in several works
prior [24,34].

To understand the emergence of these oscillations, a key
lies in the convergence of our predictions at increasing
truncation order N. Indeed, the main improvement between
simulation data and theory at higher orders is in the descrip-
tion of the oscillations. At order 1 the theory overestimates
their amplitude and they decay slower than they should,
as higher angular harmonics are neglected and a particle’s
rotation is not accurately accounted for. Order 3 already de-
scribes ABP motion quite accurately—at least for the set
of investigated parameters—while there are still some minor
differences for RTPs. This is an expected consequence as
we know that the continued fraction converges slower in the
case of RTPs. Eventually, the exact result for RTPs is fully
converged and describes the motion perfectly at all length
and timescales, with minor differences seen at long times and
small k due to numerical noise. This convergence of how well
we describe oscillations hints to the way that these oscilla-
tions are linked to reorientational dynamics of the considered
particles.

Overall, oscillations do not appear for small k and are
damped at long times when the dynamics can be described
effectively as a diffusive process. For the AOUP model
[Fig. 3(a)], the ISF is a simple decreasing exponential ex-
hibiting no oscillations. The oscillations of the ABP and RTP
models are thus, here, a marker of non-Gaussianity, as the ISF
of every Gaussian model has to be a decreasing exponential
of the MSD [Eq. (14)]. Similar oscillations can be observed
in scattering measurements of particles moving with a mean
drift such as sedimenting particles [58] and are also a feature
of ISFs found from the propagator of free running particles
[59]. The oscillations thus likely come from persistent motion
in one direction, with fixed velocity, unlike for AOUPs for
which the magnitude of the velocity is Gaussian distributed.

Further physical interpretation of oscillatory features is
hardly possible. Comparing the ISFs of ABPs and RTPs
[Fig. 3(b)] shows that the difference between models mani-
fests as subtle differences in the oscillatory behavior. Notably
oscillations decrease slightly slower and have a slightly larger
amplitude in the case of ABPs, but it is not obvious to link the
diffusive reorientation of ABPs to this observation. Similarly,
other studies have shown that for some exponents of active
Lévy particles, oscillations in the ISF are more important than
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FIG. 2. Intermediate scattering functions for active Brownian particles (top) and run-and-tumble particles (bottom) obtained at different
orders in the truncation. k values are taken to be the same for all three plots and go from small length scales (in light colors) to large ones (in
dark colors). Dynamic parameters are v = 5 ums~', D, = 0.1um?s~!, and D, = 1s~'. For order 5/Exact, in the top ABP graph the full line
corresponds to an order N = 5 truncation, while in the bottom RTP plot, the full line is the exact result from the inverse FFT of Eq. (26) and

the dotted line from an order N = 5 truncation.

for RTPs, but little physical explanation is found beyond these
phenomenological observations [59]. ISFs thus relax differ-
ently according to the different reorientation mechanisms, but

(a)
=
=
=
10! 10° 10!
1.00-F= v
(b)
0.75
~ 0.50
.,
T 025
0.00
—0.25
T T T
10! 100 10!
1(s)

FIG. 3. Intermediate scattering function of AOUPs (a) and of
ABPs and RTPS overlapped (b). The dynamic parameters used are
equivalent to the ones in Fig. 2.

the direct link between oscillations and physical behavior re-
mains unclear. This further justifies the investigation of other
statistical observables that could be more directly linked to
physical interpretation.

IV. COUNTOSCOPE FOR SELF-PROPELLED PARTICLES

A. Number fluctuations

To obtain the number correlation function Cy(¢) and the
NMSD ((N(t) — N(0))?), we can use our predictions for
F(k,t) and simply input them in Eq. (6), meaning taking a
weighted integral over k. Apart from the AOUPs, for which
we have seen an explicit analytical solution exists to this
integral [see Eq. (15)], for ABPs and RTPs, one has to perform
a numerical integration. Using the numerical scheme detailed
in Appendix A, this can be done quickly at little computational
expense.

As a canonical illustration of the behavior of the number
fluctuations, we present in Fig. 4(a), the NMSD curves for
RTPs using the analytical expressions at order N = 2, for
different box sizes (lines). We compare these with results from
numerical simulations (stars) and find excellent agreement be-
tween the two. The NMSD exhibits several peculiar features.
First, the number fluctuations increase in time, before reach-
ing a plateau. Starting from an initial number configuration,
the longer one observes particles inside a box the more likely
one is to sample number configurations further away from the
initial configuration; hence the number fluctuations increase.
The plateau corresponds to the time when the memory of the
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FIG. 4. NMSD behavior for run-and-tumble particles. (a) NMSD behavior with respect to lag time for increasing box sizes going from
yellow to brown; (b) same as (a) but where time is rescaled by a typical diffusion timescale L?/D and the NMSD by (N) and (c) same as
(b) but where time is rescaled by a typical ballistic time L/v. In all of the plots, stars correspond to numerical simulations and lines to the
theory obtained from integrating F(k, t) given by Eq. (30) inputted in Eq. (6). Physical parameters are the same as in Fig. 2 on simulations of

1500 noninteractive particles in a window of side 250 um with periodic boundary conditions. Here we have fyy = 72 and tg¢ = 7
v

crossover times between regimes for the NMSD.

initial configuration is lost, essentially when correlations in
the number fluctuations have decayed sufficiently. The value
of the plateau is given by the variance of the particle num-
ber lim;_, oo (AN (2)?) = 2((N?) — (N)?), as one can see from
Eq. (1). In a noninteracting suspension, (N?) — (N)? = (N).
The plateau behavior is confirmed as all NMSDs collapse at
long times when they are rescaled by (N) [Figs. 4(b) and
4(c)]. The plateau is reached faster for smaller boxes where
correlations are smaller, as initial particles are less likely to
stay in the box or come back to the box.

The NMSD exhibits three different regimes in time, sim-
ilarly to the MSD of RTP [38]. First, growing as ¢!/2, then
increasing faster, as o ¢ at intermediate times, and slower as
t!/2 at long times. Different rescalings can reveal this phe-
nomena more accurately. First, we rescale time by L? /D, the
time it takes to diffuse across a box [Fig. 4(b)], and curves col-
lapse at short and long times. Second, we rescale time by v/L,
the time it takes for a particle to be advected across the box (c)
and find excellent collapse of NMSDs at intermediate time.
These regimes thus correspond to the two diffusive regimes
at short and long time and the ballistic regime at intermediate
time known for these self-propelled models. Notice that all
regimes in NMSD space grow in time typically with a power
that is the half of the power seen in the MSD, whereas in a
MSD diffusive behavior scales linearly with ¢ and ballistically
as t2, diffusive regimes in the NMSD increase as ¢'/? and the
ballistic one as ¢. Overall, our theoretical predictions for the
NMSD recover all the dynamical aspect of self-propelled par-
ticles, demonstrating their potential to probe and investigate
dynamical behavior of self-propelled suspensions.

B. Limiting regimes

Further physical and analytical insights may be drawn by
investigating the different limiting regimes of the NMSD.

1. Gaussian case

For Gaussian models this can easily be done, as the NMSD
can be expressed directly in terms of the MSD, and Taylor

Degp
<t the

expansions may readily be obtained at different timescales.
At short timescales, Eq. (15) translates to

coy ~ w1 - 2 [1Ar@) 31

N (1) > (N) “mEV ) (31
2

(ANZ(t)>:<N>i M. (32)

NANNE

One immediately sees that the exponents in time of the MSD
are thus halved in the NMSD space. Plugging in the limiting
expressions of the MSD (ballistic or diffusive) thus yields
limiting expressions for the NMSD. For the case of AOUPs,
diffusive regimes with diffusive coefficient D (where D = D,
at short timescales or D = D¢ at longer timescales) can thus
be expressed as

(AN2(0) ~ (), [ 22 (33)
= =) 7
and the ballistic regime as
(AN () ~ oy 2. (34)

—JT L

2. Diffusive limits in non-Gaussian cases

For a non-Gaussian model, limiting regimes can also be
obtained but require more subtle investigations. For ABPs and
RTPs, the first limiting regime can be obtained by neglecting
the effect of activity, which is equivalent to truncating at order
N =0 in Eq. (25). This corresponds to a passive diffusive
tracer with diffusion coefficient D,. One then obtains a predic-
tion for Cy(¢) given by Eq. (15) where (Ar?(t)) = 4D,t; and
hence we obtain at short times the same result as for AOUPs,
given by Eq. (33) with D = D,.

Long timescales and large length scales can be described
through an alternative construction of ay. Following the “fast
field” truncation procedure used in Ref. [26], we take (i)
dray; =0 as we suppose coefficients of order n > 1 re-
lax “quickly,” and (ii) over large length scales terms of
order O(V?) can be neglected, as they sense small length
scale variations—the so-called diffusion-drift approximation.
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Looking back on Eq. (18) with these approximations we find

v . .
drag(r, 1) = _Evr “[ivar +i—a_1]1+ DiAag

v ~
0= _EV, lizao] — (D, + a)as; + O(V}),

which we can easily solve for to find a partial differential
equation for ag only,

dao(r, 1) = DerrV2ay,

where we recall that Dey = (2(#:00 + D;). This is the evo-
lution equation of a diffusive process with effective diffusion
coefficient Degr. In this limit, the process is once again Gaus-
sian and we recover Eq. (33) with D = D¢ . Diffusive regimes
behave similarly for our Gaussian and non-Gaussian models.
This is likely because the non-Gaussianity in RTP and ABP
comes from the self-propulsion part of the dynamics which
dominate only at intermediate timescales.

To check the relevance of these limiting diffusive laws,
we present in Fig. 4(b), where time is rescaled by a diffu-
sive timescale, the limit regime of Eq. (33) with D = D, and
D = D.g. The curves indeed all collapse at short timescales
onto the limiting law with D, and at long timescales onto that
with D confirming our analysis.

3. Intermediate timescales

Finding an expression for the ballistic regime of ABPs and
RTPs requires more work. To do so, one option could be
to neglect translational diffusion, taking D, = 0 in Eq. (27),
and inquire then about short-time behavior. However, this
strategy is not sufficient as still the integrals in Eq. (6) cannot
be solved. To circumvent this issue, we resort to the other
expression of Cy(¢) = (N)P;,(¢) given in Eq. (2). Clearly, to
obtain approximate predictions for Cy(?), it is sufficient to
search for approximate expressions for P;,(¢), the probability
for a particle to still be in the box after some time ¢ knowing
it was in the box initially.

To address the intermediate timescales regime, we can
consider that at these timescales, particles move with speed
vu(6) and do not yet reorient (D, = o = 0). We also consider
they do not diffuse (D, = 0). Consider such a particle starting
anywhere in a box at = 0 — then, its probability distribution
cloud can be represented as a blue square—as sketched in
Fig. 5(a). At some later time ¢, this probability distribution
is displaced by a vector vtu(0), as represented by the yellow
square. The probability of the particle of still being in the box
at time ¢ corresponds to the overlap between the blue box and
the yellow box. We can then write the probability p;,(6,t) of
the particle with orientation 6 of still being in the box as

(L—v|cosB|t)(L—v|sin6b|t)
2

L
OifvcosOt > L or vsinft > L.

pin(0,1) = { (35)
To unveil the limiting intermediate regime we restrict our-
selves to short-enough times in the expression above such that
pin(0, 1) is nonzero and neglect terms of order O(¢2).

We can then average p;, (6, t) over all the possible orienta-
tions 6 to obtain at short times

L[ 4
Pin(f)=E/ a0 pu® 0 =1~ =20 (36)
0

(a)

L —vtcosf ™\
+«——> 3

: \
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FIG. 5. Probability distribution from geometric arguments.
Schematics (a) illustrating the probability distribution clouds to find
an ballistic particle in a box after some time # (yellow) given it
started in the box initially (blue). Probability distribution of ABPs or
RTPs to remain in the box they start in (b) obtained from simulation
against ones obtained from geometric arguments in the ballistic case.
Simulation parameters are the same as in Fig. 2 and we consider
boxes of size L = 5 um.

C
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As an intermediate validation, we check that this equation ac-
curately reproduces the probability that either an ABPs or an
RTPs is still in a box at short-enough times in the intermediate
regime, as obtained from simulations Fig. 5(b). The short-time
approximation in Eq. (36) captures behavior accurately at
short-enough times (black dashed line). Averaging over 6 the
“all time” expression of Eq. (35) numerically (black full line)
pushes the agreement to longer timescales. At long-enough
times, Pj,(¢) is sensitive to reorientation dynamics and the
probability that ABPs and RTPs are still in a box is, accord-
ingly, no longer well captured by our approximations.

The probability P;,(¢) then gives Cy(¢) and the NMSD

5 8 v
(AN(1)") =~ —(N)—t, (37

b4 L
which is valid at short timescales. Equation (37) is presented
in Fig. 4(c), and agrees perfectly with the full theory and
simulation data at intermediate regimes. We thus obtain a very
similar law as for Eq. (34) but with a prefactor that is higher

compared to the AOUP case.

Why does this difference arise? Our probabilistic method
for P(¢t) can also be used to investigate AOUPs, but in
that case, one has to realize that the probability distribution
Pin(0, |voul, t) of a particle with orientation 6 to still be in the
box at time ¢ also depends on the norm of the velocity |voy|,
which is itself a distribution. Clearly the same reasoning as
in Eq. (35) still applies, but then one needs to average over
all possible values of 6 and |voy|. Each component of the
speed vector voy of an AOUP is Gaussian distributed, thus the

magnitude |voy| follows a Rayleigh distribution P(Jvoy|) =
_ \voulzfr

a0y . One then gets

lvoulzr
D e

1 2
Pua(t) = Z/dwommwom)/ 48 pin (6, [voul. 1)
0

2 2D,/ r,.t
JT L '
Identifying /2D, /1, = v as the mean velocity of an AOUP,
and inserting this expression for P (¢) in the NMSD, one

recovers Eq. (34). The differences in the distribution of self-
propulsion speeds thus translates to different prefactors in

~1—-
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FIG. 6. Number fluctuations for run-and-tumble particles at different Péclet numbers. (Top row) Number correlations Cy(¢) and (bottom
row) NMSD, with v increasing from left to right, v = {1, 5, 10} um s7! corresponding to Pe =~ {1.6, 8, 16}. All other dynamic parameters are
kept constant at the same values as in Fig. 4. Stars correspond to simulated data and colored lines to the theory truncated at N = 2, using
Egs. (6) and (30). The inset in the rightmost column shows Cy (¢) with time rescaled by an ballistic timescale v/L and a vertical black dotted

line atr = v/L.

the ballistic, intermediate time regime of the Countoscope.
The difference in prefactors is small, of about 10%, since
4//m ~2.25 and 8/7 =~ 2.55; however, it is present. The
non-Gaussianity of the ABP and RTP models is thus seen
in the ballistic regime, and compared to a Gaussian model,
differences in the NMSD originate from a peaked velocity
distribution rather than from reorientation dynamics. We can
show that differences in reorientation dynamics are more eas-
ily seen in the correlation function Cy(¢) [60].

All the limiting regimes that we have obtained provide sim-
ple analytical descriptions linking the behavior of each regime
with the dynamic parameters that are relevant to quantify it
(v, Dy, Degr). These laws provide one way to quantify the
motion of particles, using simple fits on number fluctuations
calculated from experimental data.

C. Convergence at different orders for Countoscope metrics

It is known from study on the MSD of active particles
that fitting the full expression should be preferred to fitting
limiting regimes to obtain more accurate values of the dy-
namic parameters [61]. In this context, it is important to know
at which order in the truncation one should stop to obtain
accurate-enough results for the NMSD.

1. Convergence with respect to the Pe number

An important parameter affecting the accuracy of the trun-
cation is the value of the Péclet number. This is expected from
the construction of our dy(k, w) as highlighted in Sec. ITA,
given that the value of the continued fraction terms £ is

bn
larger at higher Pe numbers. Several authors have previously

highlighted that typical truncation schemes lose precision
at higher Pe [27,62]. Focusing on order N = 2 truncation,
the highest order for which we obtained analytical results
for F(k,t), we plot NMSD and Cy(¢) curves for RTPs at
increasing Pe in Fig. 6. For this investigation we focus on
RTPs, since we know RTP approximations converge more
slowly than for ABP. By keeping all dynamic parameters the
same, except for the self-propulsion speed that takes values
v={1,5,10} ums~', we probe Pe ~ {1.6, 8, 16}, covering
the range of most experimental systems.

For the lowest values of Pe, the particles’ behavior is close
to that of passive particles with the ballistic regime barely ap-
pearing in the NMSD. Our analytical expressions are accurate
in this situation for both Cy(¢) and the NMSD. At interme-
diate Pe value, deviations between the theory and simulation
data appear, especially in the number correlations Cy(¢) for
the smallest boxes. This phenomenon is more pronounced at
higher Pe value and visible in bigger boxes. Generally, the
disagreement starts at timescales of order + = L/v, as seen
in the inset of Fig. 6. Beyond this timescale, particles have
typically traversed the box ballistically, and contributions to
P, (t) are dominated by reorientation dynamics which deter-
mine whether a particle returns to a box it has left. Naturally,
this effect is more pronounced in small boxes that particles
are more likely to cross via self-propulsion without reorient-
ing while they cross through it, and, therefore, the truncated
theory fails to correctly predict behavior on smaller boxes.
This behavior can be described through a critical lengthscale,
L. ~ tgigv = %, which characterizes the typical maximum
value of box sizes for which these effects should be seen. We
can calculate that L. = {1.9,7.9, 15.7} um for our values of
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FIG. 7. Number correlations and NMSD for run-and-tumble particles at different orders in the truncation. Orders are increasing from left
to right, with the rightmost column showing the exact expression in full lines and the order 5 result in dotted lines.

v. We find indeed that so long as L > L., the theory is in
excellent agreement with the simulations.

Interestingly the departure from the theory in the correla-
tion functions Cy (¢) are not as apparent in the NMSD (bottom
row of Fig. 6). In fact, deviations occur primarily at long
times in the correlation function, and their amplitude is small
compared to the value of Cy(t = 0) = (N?) — (N)2. In the
NMSD space, this corresponds to small differences between
the NMSD at late times and its plateau, and deviations be-
tween the theory and simulations are effectively hidden. The
most noticeable differences occur only for the smallest box
sizes (yellow) around the time where the NMSD reaches its
plateau, at the highest Pe values. There the theory exhibits
an unphysical albeit very little hump. Therefore, the visible
inaccuracy in Cy(¢) has limited impact on the NMSD. The
truncation at order N = 2 presents only noticeable disagree-
ments in the NMSD for the highest Pe values and smallest
box sizes, which are close to that which can be observed in
the motion of low density bacteria.

2. Convergence with respect to the order N
of the truncation scheme

We now restrict ourselves to investigations at high Pe
number where disagreement between approximate theory and
simulations is the most apparent, e.g., at a high self-propulsion
speed v = 10 um s~!. We then look at how this disagreement
can be reduced at increasingly higher truncation orders N in
Fig. 7 (see also Fig. 10).

At order N = 1 (left column of Fig. 7) the theoretical ap-
proximation is, as expected, less accurate than for N = 2 that
was investigated in Fig. 6 (right column). Differences between
the theory and simulations are more striking and can even

be seen clearly in the NMSD, at the time where the NMSD
reaches its plateau, for several box sizes. In addition, at order
1 the prediction for the correlation function is that it becomes
negative, which translates into a huge drops in log-log scale
on smaller boxes. Because of an odd-even periodicity, these
drops are typically only observed for odd truncation orders N,
and not for even N.

At order N = 3 the accuracy is already noticeably better.
Values of the correlation function still appear to become nega-
tive for some boxes but over a reduced time range and box size
range. Accordingly, the NMSD presents a seemingly perfect
agreement between theory and simulation for all observed box
sizes. Order N = 5 is even more accurate, with some minor
differences remaining in Cy(¢) and none for the NMSD. The
exact formula in Eq. (26) shows excellent agreement at all
time and length scales. Similar conclusions at all orders are
also true for ABPs (see Fig. 9).

This investigation allows us to draw some intermediate
conclusions on model choosing. At the NMSD level, there
are barely any noticeable differences between orders N = 3, 5
and the exact expansion. It is thus natural to use N =2 or
N = 3 to capture the behavior of the NMSD in a practical ap-
plication. For the correlation function however, higher-order
approximations are necessary. While an order 3-5 is sufficient
for ABPs (see Fig. 9), more orders are required to accurately
reproduce RTPs, and hence one should use the exact formula-
tion when considering specifically Cy.

3. Convergence of the limiting regimes

We can quantify this increasing accuracy by investigating
the limiting regime at intermediate timescales. The exact be-
havior at intermediate timescales is given by Eq. (37), and
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our aim is to quantify how fast with increasing N we can
capture this exact prefactor. To do so, we investigate a system
at high Pe number. We then fit a linear law at short times,
(AN?*(t)) = Bt, where 8 is a fitting parameter. We then com-
pare B with our theoretical expression in Eq. (37), and plot the
results with increasing truncation order N in Fig. 8. Given we
plot BL/v(N), we expect this prefactor converges to 8/m.

The results obtained clearly approach the 8/7 theoretical
prediction with increasing truncation order N. Using the exact
expression for the ISF of RTPs Eq. (26), we get as close
to the correct value as our fit precision allows. Overall, the
prefactor S oscillates with increasing order N, as odd orders
overestimate the coefficient 8 while even orders underesti-
mate it (see Fig. 10 for even values of N). This is intimately
linked to the behavior observed in the curves of Cy(¢) where
an upward or downward bump appeared compared to simula-
tions for even and odd orders, respectively.

This can be explained from the structure of our continued
fractions. Indeed we can rewrite through an equivalence trans-
formation

c
n=1 bn n=1 dnbn
with

1
dgn =1, and d2n+1 =—,Vne N.
C

This explains our oscillating behavior, as stopping at an even
order will give us a smaller continued fraction, thus a bigger
ap and we will overestimate Cy(?), and the opposite happens
stopping at an odd order.

At any order we notice a degree of uncertainty around
a mean value depending on the value of the box size used.
Investigating fits of the NMSD obtained from simulations,
knowing the self-propulsion velocity v shows that the value
of the prefactor is roughly +2% away from the expected
prefactor depending on the box size (see the last point on the
x axis “Simu” in Fig. 8). We can conclude that a roughly +2%
error is only a fitting error and that orders from N > 3 should
provide satisfactory estimates of the self-propulsion speed.

We conclude by tempering the results of the fit in Fig. 8
by insisting that in order to correctly estimate dynamic coef-
ficients one should fit the full expression instead of limiting
regimes. We anticipate that the accuracy of order 3 for the
NMSD should be enough in most situations to justify using
it, as it admits an analytic result for the ISF and is thus easier
to obtain for a wide range of values. Precise discussion on the
use of our expressions at different orders to fit experimental
data is, however, outside the scope of this paper and is left for
future work.

V. CONCLUSION

We have here established theoretical expressions to quan-
tify number fluctuations of three canonical models of
self-propelled particles: ABPs, RTPs, and AOUPs. For all
models, we relate number fluctuations to an integral of the
ISFs through Eq. (6). AOUPs have Gaussian statistics and
hence can be treated generically under a Gaussian framework;
giving an ISF which can easily be integrated to give an explicit
analytical expression Eq. (15) for the number correlations.
For ABPs and RTPs, we have provided a novel derivation
of the ISFs, allowing us to get both exact or approximate
expressions—exact expressions are usually more precise but
longer to evaluate numerically. Interestingly our derivation
bridges together the methods consisting in solving the sys-
tem through propagators and successive reorientation steps
[21,24] or doing an expansion of the FPEs on the angular
order of the perturbations to the density. The approach allows
us to gain physical insights into the features of the ISFs and
the number correlations: namely that oscillations originate
from reorientation dynamics. All our theoretical expressions
allow us to uncover three limiting regimes of the number
mean squared difference in time: at short times diffusive, at
intermediate times ballistic, and at long times diffusive with
enhanced diffusion.

Here we conducted derivations for 2D systems and so our
results are not straightforwardly applicable to, e.g., bacteria
suspensions that are often found swimming in 3D [23]. How-
ever, similar formalisms may be used to obtain expressions
for the ISFs in 3D [21,27] and so one can hope to use them to
predict behavior of number fluctuations. While quantitatively
these results might differ slightly, qualitatively we expect all
features uncovered here to be consistently observed in 3D.
Indeed, Gaussian models like AOUPs are similarly expressed
in 3D as in 2D, with a slight modification of Eq. (15) into

AR2 d
Cv (1) = (N) [f(%)] , (38)

where d is the system’s dimension. Therefore, we can expect
all limiting regimes of the mean-squared displacement to arise
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in the NMSD. Similarly, the derivations which provide the
limiting laws Egs. (37) and (33) can easily be extended to 3D.
We can thus anticipate the use of the technique also in systems
with 3D dynamics.

While we have focused here on noninteracting particle
systems, it is natural to ask what kinds of behaviors would
be observed at higher densities. Since real space number
correlations provide easily physically interpretable signals,
then we might expect they would also help to shed some
light on collective behavior of active suspensions. Includ-
ing a density-dependent self-propulsion for instance could
be done following Ref. [26]. Remarkably, the investiga-
tion of static number fluctuations N in observation volumes
has proven useful in quantifying static properties of dense
nonequilibrium systems for over 30 years. For instance “gi-
ant” number fluctuations, where o > 0 in the scaling (N 2y —
(N)? ~ N'*¢ indicate long-range organization in bacterial or
synthetic active matter suspensions [63—74]. It is thus clear
that investigating dynamic number fluctuations in virtual ob-
servation boxes like N(¢), is a promising route to quantify
collective dynamic features of self-propelling suspensions.
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APPENDIX A: COMPUTATIONAL METHODS

For all three active particle models we simulate 1500 par-
ticles within a square simulation box of size Lyox = 250 um
and periodic boundary conditions. As highlighted in Ref. [20],
the periodic boundary conditions restrict the maximum size
of boxes to be used for counting to about a third of the
window size—otherwise periodic effects start to be seen. The
dynamics are resolved using an Euler-Maruyama scheme to
numerically integrate the stochastic equations of motion. In
the case of RTPs we perform the random reorientation with
arate o using a Gillespie algorithm. To resolve the dynamics
with sufficient accuracy over five orders of magnitude in time,
we perform both short simulations with a very small time

step dt = 0.001 s which is equal to the time step and longer
simulations with time step dt = 0.005 while saving every
0.05s. We then merge the results together on plots for Cy(¢)
and (AN?(1)).

The ISF of simulations is computed on the long simulated
datasets using the Python library [76] based on the direct
method of calculation.

Numerical integration of the ISFs of order 3 and above are
done using an inverse FFT with a custom routine in python.
They are then saved for every set of dynamic parameters to be
used to compute Cy (¢) at any box size.

Numerical integration of the k integrals in Eq. (6) for ABPs
and RTPs are done following the scheme outlined in Ref. [19].
We carry out the r integrals:

2
Cv@) = (N f(zn)z L? ]—[ (SIZL/z ) Fk,t). (Al)

To facilitate the numerical integration, we change coordinates
from Cartiesian {k,L/2, kyL/2} to rescaled spherical coordi-
nates {K, ¢}. Cy(¢) can then be reexpressed as

KdK
Cy() = (N)/ 5 fo(K)F(2K/L, 1), (A2)
with
. e sin(K cos ¢) 2 sin(K sin ¢) 2
fv(K)_/O dd)( K cos ¢ ) ( K sin ¢ ) - (AY)

This separates the volumetric term in front of the integrals,
which is quickly oscillating and complicates the numerical
integration. As it is constant it can be computed once precisely
and then reused subsequently in all Countoscope computa-
tions. Using it alongside the obtained values of F (k, t) is how
we speed up the final numerical integration.

All counting on simulated data to obtain Cy(¢) and the
NMSD was done using the Countoscope code published in
Ref. [77]. Upon publication, code for this specific investiga-
tion will be added on the same repository.

APPENDIX B: EQUIVALENCE BETWEEN HARMONIC
COEFFICIENTS AND HYDRODYNAMIC FIELDS

To solve Eq. (16), an alternative method [27,28] is to use
another decomposition of the probability distribution function
(PDF) P(r,0,t). Instead of using harmonic coefficients a,,
one can decompose the PDF in terms of hydrodynamic fields
as

P(r.0.1) = p(r.t)+ p(r.1)-u®) +q@r. 1) : (uu —3).
(B1)

Writing out explicitly this expansion against the one we used
[Eq. (17)] we have

P(r,0,t) = p + pycos6 + p,sin0,
+ 31(qur + qyy) €08 20 + (qxy + gyx) 5in 20] (B2)

=ap+e%ar+ePa+ePay+ e a_,, (B3)
=ayp+ (a; +a_1)cosO +i(a; —a_,)sinb
+[(ay +a_p)cos20 4+ i(a; — a_»)sin20]. (B4)
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From this we immediately deduce that we can express

pr.1) = ay(r. 1), (BS)
pr.t)= (,-(‘jjl T )>~ (B6)

Since g is chosen to be a symmetric traceless matrix we

can find that qxy = qyx = i(az + a_,). For the diagonal com-
ponents of ¢ we can compare Eq. (21) with the evolution

equation obtained in Ref. [28]

0,qij = —2Bjjud(vp;) — (4D, + a)Q;j + Dt AQ;j — ViXijks

where Bjj = %(Sikéﬂ + 818 jx — 8;j6x;) and summation over
repeated indices are implied. Writing it out for the diagonal
components and ignoring harmonic contributions of order 3
and above contained in x;;x we have

v 1
atq,vx = _ZV : I:(_l>l’j| + D Agxx — (4DI"+O[)C]XX,
(B7)

v -1
Ay = _ZV . |:( | )p] + D; Agyy, — (4Dr + a)q,y.
(B8)

By direct comparison with Eq (21) and using the expression
that we found for p we can show that

o) = (%(ﬂz +a) ilaz+a-) )

. . (B9)
i(aa+a-) —5(a+a-)

The coefficients we derived can therefore be mapped onto
hydrodynamic fields with clearer physical meaning.

Going at higher orders is not necessarily useful, since co-
efficients of order 3 and above are unclear in terms of physical
meaning.

APPENDIX C: DETAILED SOLUTION AT ORDER 2

This Appendix details the calculation used to obtain the
result for F,(k, t), the ISF obtained by truncating at order N =
2. We start from

d .
Fk,1) = / ﬁe“”fao,z(k, ).

The denominator of dg,(k, @) is a polynomial of order
3 in w that will be canceled by three roots. Introducing the
notations

— 60a’D, + 12aD? + 280D? + 81D, k*v*
b = 4a® +20aD, + 52D? — 9k*v?,

a= -8

we can find the roots to be

1 Va2 — )3
w1:6i<(a+\/a2—b3)l/3+(a+ ab :

+ 4o + 10D, + 6D,k2>

w = —%i((l —iv3)a+Va - )"

2 _ p3)I/3
+(1+i\/§)(a+\/ab b%)

— 8a — 20D, — 12D,k2>

w; = —%i((l +iv3)a+ Va2 - b))
= (a+ V@ =)
V3) >

+(1—i
— 8« — 20D, — 1zD,k2>.

These three poles are always in the superior part of the com-
plex plane and therefore building a contour around it we get
with the residue theorem

3
Bk, t) = z[z Res[do» (k, o), a)[]] (C1)
i=1

The denominator of dy»(k, w) can be expressed in terms of
these roots as

(iw + D,k2)|:2(iw + D,k* + 4D, + a)

2k2
x (iw+D,k2+D,+a)+—U2 }

+ v2k*(iow + D,k* + 4D, + «)
3
= =2i[ [(@ — o).
i=1

The residues are then easily calculated by replacing the
denominator, and introducing the numerator divided by
2 as h(w) = (iw + D,k*> + 4D, + o)(iw + D;k* + D, + ) +

”2‘2 we find the exact expression from the main text Eq. (30),

h(w;)e !

3
Fy(k,t) = — ZH#,(w,— 5 (C2)

As mentioned, this method is general and can be applied to
solve at order 1 easily and at order 3 to obtain a lengthier so-
lution. At order 4 in the truncation, however, the denominator
will be of degree 5 in w and it will not be possible to obtain
general analytical solutions of its roots and thus of the integral
anymore.

APPENDIX D: ADDITIONAL FIGURES

These two figures illustrate the behavior of Number Cor-
relations and NMSD at increasing orders in the truncation for
ABPs (Fig. 9), and of Number Correlations at even orders in
the truncation (Fig. 10).
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